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Chuong 1

Phuong trinh truyén séng

1.1 Phuong trinh truyén séng 1—chiéu

1.1.1 Bai toan gia tri ban dau
Xét bai toan
Uy — a*Ugy =f trong R™ x (0, 00), (1.1)
u(+,0) = @, uy(+,0) =1 trén R", (1.2)
trong do
e hing s6 duong a dugc hiéu téc do lan truyen,
e [ € C(R x (0,00)) dugc hiéu 1a ngoai luc,
e p € C*(R),v € CYR) lan lugt la trang thai ban dau va van téc ban dau.

Ho cac duong dac trung
xxtat=C

déng vai tro quan trong trong viéc nghién ctu bai toan (1.1)-(1.2).
Truée hét ta xét trudng hop f = 0, bang cach chuyén vé dang chinh tic bing phép doi
bién

E=x—at,n=x+at

1
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ta duge v(&,n) =u((£ +n)/2, (n — £)/(2a)) théa mén
ven = 0.
Tich phan dan lén ta duge nghiem tong quat v = F(£) + G(n) hay
u(z,t) = F(z — at) + G(z + at)

véi F,G € C%(R).

T nghiém tong quét ta nhan thay vai diém:

e F(x —at) sé tién ve phia phai véi toc do a, nén né duge goi la séng tién (forward

wave),

e G(x+at) sé i lai ve phia trai véi toc do a, neén n6 duge goi 1a song lui (backward

wave),

e néu A, B,C, D la dinh ctia hinh binh hanh c6 cic canh nidm trén cac duong dic
trung, cu thé AB,CD nidm trén cic duong dic trung dang  — at = C, con
AC, BD nam trén cac duong dic trung dang x + at = C, thi ta c6 cong thic
hinh binh hanh

u(A) +u(C) = u(B) +u(D).

Quay trd lai viec giai bai toan (1.1)-(1.2) khi f = 0. Thay nghiém tong quat v cac

diéu kién ban dau va giai ta thu duge

e song tién F(z) = @ - % Jo ¢(y)dy + C,

) o T 1 ..
e song lui G(z) = # + o Jo ¥(y)dy —C.

Ta thu duge cong thitc D’Alembert

o(x —at) +p(x +at) 1 /““t
_I._ -_
2 2a

u(z,t) = U(y)dy.

xr—at
C6 thé thay ngay tinh tron ctia u(-,t),t > 0, bang tinh tron clia trang thai ban dau
u(-,0) va t6t hon mot bac so v6i do tron clia van téc ban dau w(-,0). Khac so véi

nghiém ctia phuong trinh Laplace, hay nghiém ctia phuong trinh truyén nhiét, do tron
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cic nghiém nay déu bang vo han khi § bén trong mién xac dinh dut cho cac dieu kien
ban dau hay diéu kién bién c¢6 do tron toi.
Tit cong thitc D’Alembert, gia tri clia u tai diém (x,t) € R x (0,00) hoan toan tinh
duge nho diéu kien ban dau trong doan [z —at, x+at] trén truc Oz. Doan [x —at, x+at]
nay dugdc goi 1a mién phu thuoc clia nghiém u tai diém (x,t). N6 la day ctia tam giac
phu thuoc

Ci(z,t) ={(y,s): ly—x| <alt—s),0<s <t}

Ngoai ra, véi méi diem (x¢,0) cac gia tri ban dau tai day sé 4nh hudng dén gia tri clia
u tai cac diém (z,t) thoa man
Ty —at < x < xo+ at.
Mién
{(z,t): xg —at <z < x4+ at,t >0}

dugc goi 1a mién anh hudng ctia nghiem u tai diém (g, 0).
Khi f = 0 ta khong thay dugc vai tro clia tam gidc anh huéng.
Ta chuyén sang viéc giai bai toan (1.1) — (1.2) trong trudng hop tong quéat. Tam gidc

can Cq(z,t) c6 hai canh bén

L+ :{(y,s): y:x+a(t_s)70§5§t}a
L ={(y,s): y=z—a(t—s),0 <s <t}

véi day
Lo={(y,0): oz —at <y <ax+at}.

Dung cong thic dang DIV, dang khac ctia cong thitc Green, cho
o truong F = (—a’uy,, uy)

e mién C(x,t) c6 vée-to phap tuyén ngoai don vi trén bien

1 .
W(La) khi (y, s) € Ly,
v(y,s) = § ———(1,—a) khi(y,s) e L_,

V14 a?
(07 _1) khi <y78) € Lo,
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co
/ f(y, s)dyds = / (uy — aQuwx)dyds
Ci(z,t) C1(z,t)
:/ (wvy — a*ugvy)ds
OC1 (w,t)
a ( )d€+/ d (us + aug)dl+
= U — AUy Uu AUy
VIt VTra"
r+at
—/ u(s,0)ds.
x—at
Lai c6
dao ham doc theo duong L. 13 ! (0 Or)
— dao ham doc theo n a —ad,),
e . g + m t
1
— dao ham doc theo duong L_ 1a 0y + a0,
nén

a

= Jir = — aua)dl = a(u(e,t) - u(e + at,0)),

o fL— M+ a2

Tém lai ta thu duce

(ur + aug)dl = a(u(z,t) — u(z — at,0)).

x —at) + o(x + at 1 [etat
R
a r—at
1
+ — f(y, s)dyds. (1.3)
2a Joy(a)

Viéc gidi duge bai toan (1.1)-(1.2) duge thé hién qua dinh ly sau:

Dinh 1y 1.1. Cho s6 nguyén m > 2, cic ham ¢ € C™(R),yp € C™ (R) va f €
C™ YR x [0,00)). Khi dé bai todn (1.1)-(1.2) c6 duy nhat mot nghiém dugc cho bdi
(1.3). Hon nia nghiém nay u € C™(R x (0,00)) va théa man dieu kién ban dau theo

cach

: )= ) o] ) = khi z € R.
<z,t>£§o,0) u(w,t) = ¢(o) <Ivt>£§0v0> wplz,t) = (o) khi zo
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Viéc chitng minh két qua trén don thuan chi 1a viéc tinh dao ham. Chi tiét ching
minh xem nhu bai tap.
Trudc khi chuyén sang muc khac, (1.3) cho ta thiy nghiém 6n dinh trong khoang thoi
gian hitu han.

1.1.2 Bai toan bién hén hgp

Duéi day ta xét cic bai toan trén mién khong gian hoac 1a nita truc, hodc 1a mot
doan hitu han. Dé don gian ta chi quan tam dén phuong trinh truyén séng thuan nhét,
khong c6 ngoai lyc.

Ta bat dau véi viec xem xét bai toan trén nia truc

Uy — @ Uy =0 trong (0, 00) x (0, 00), (1.4)
u(+,0) = @, u(+,0) =1, trén [0, 00), (1.5)
u(0,t) =a(t),t > 0. (1.6)

Dé bai toan (1.4)-(1.6) c6 nghiem trong C?([0,00) x [0,00)) ta can diéu kién tuong
thich tai gbc toa do:

e tinh lien tuc diéu kién bien - diéu kién ban dau: «(0) = ¢(0),

e tinh lien tuc clia dao ham theo ¢ gitta diéu kien bién-diéu kién ban dau: o/(0) =

¥(0),

e thoa man phuong trinh: o”(0) = a?¢”(0).
Ta sé chi ra rang véi dieu kién tuong thich trén, bai toan c6 duy nhat nghiém trong
(1.4)-(1.6).
Trude hét ta quan tam dén truong hop a = 0. Khi d6 diéu kién tuong thich tré thanh
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Thac trien 1é cac dieu kién ban dau lén toan truc

~ () khi x > 0,
p(r) =
—p(—z) khiz <0,
Ja) = () khi x > 0,
—¢(—z) khiz <O0.

V6i diéu kign tuong thich ta c6 ¢ € C*(R), 1 € C'(R). Khi d6 nghiem D’Alembert ciia

bai toan gia tri ban dau trén toan truc

iy =0 Ty, trong R x (0, 00),

’&(,0) = @?ﬂt('ao) :QZ tren R

la C%?—nghiem co dién. Ngoai ra, do tinh 1é clia diéu kieén ban dau dan dén tinh 1é ctia

nghiém D’Alembert. Do do

@(0,t) = 0,t > 0.

Khi d6 u(z,t) = @(x,t),z > 0 chinh 1a C?—nghiém c6 dién ctia bai toan (1.4)-(1.6).

Cu thé nghiem nay dugc viét

o(x + at) + o(x — at)

1 z+at

u(z,t) = 2

o(x + at) — p(at —

2

% Y(y)dy khiz >at >0,
b (17)

— Y(y)dy khi 0 <z < at.

2@ at—x

Chuyén sang trudng hop téng quat, lay ham khit

v(x,t) = a(t —x/a)

théa man phuong trinh va diéu kién bién

Vg = Vg, trong (0,00) x (0,00), v(0,t) = a(t) khi t > 0.

Dat @ = v — v ¢6 u théa man bal toan

att ZG/QEIEZL‘ trong (Oa OO) X (Oa OO),

ﬁ(',O) = @7ﬂt('70) :QZJ trén [0,00),

u(0,t) =0, t > 0,
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v6i ¢(x) = (x) —a(—x/a),Y(x) = ¥(x) —a'(—x/a). Tit dicu kién tuong thich cho bai
toan (1.4)-(1.6) dan dén

p(0) =0, ¥(0) = 0,5"(0) = 0.

Nhu vay ta da chuyén bai toan ban dau vé bai toan véi diéu kien bién thuan nhat va
diéu kién tuong thich dugce thoa man. Ta da gidi duge bai toan (1.4)-(1.6) khi dieu kien
tuong thich théa man. Ta viét két qua nay nhu sau.

Dinh 1y 1.2. Cho ¢ € C?[0,00),% € C0,00),a € C?[0,00) théa man diéu kién tuong
thich

a(0) = ¢(0), /(0) = ¥(0), a"(0) = a*¢"(0).
Khi dé bai todn (1.4)-(1.6) c¢6 duy nhat nghiém trong C*([0,00) x [0, 00)).

Trude khi chuyén sang bai toan trong mot doan, néu thay diéu kien bien Dirichlet

(1.6) béi diéu kién bien Neumann
uz(0,t) = a(t),t >0,

thi dieu kién tuong thich la gi? Luc d6 bai toan dude giai nhu ndo?

Ta tiép tuc xem xét bai toan bién hén hgp trong mot doan [0, L], L > 0, sau

Uy =a U, trong (0, L) x (0, c0), (1.8)
u(-,0) = @, u(-,0) =9 trén [0, L], (1.9)
u(0,t) = a(t),u(L,t) =p(t), t > 0. (1.10)

Diéu kién tuong thich ctia bai toan (1.8)-(1.10)
e tai dau mut x =0 ¢6

a(0) = ¢(0), /(0) = ¥(0), a”(0) = a®¢"(0), (1.11)

B(0) = (L), B'(0) = ¥(L), B"(0) = a’¢"(L). (1.12)
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Ciing giong bai todn trén nita truc, ta xét bai toan khi dicéu kién bién thuan nhat
a = B = 0. Khi d6 diéu kién tuong thich tré thanh

Vé6i diéu kien tuong thich nay, cac thac trién @, 1 18, tudn hoan chu k¥ 2L cla cac didu
kien ban dau ¢, 1a cdc ham thuoc 16p C? va C*! tréen R. Khi d6 C%?—nghiém @ clia

bai toan gia tri ban dau
~ 2~
Uy — a“Uge =0 trong R x (0, c0),
a(-,0) = @, (-,0) =1 trén R,

13 ham 1é, tuan hoan chu ky 2L trén toan R. Khi dé, tit tinh 1& va tuan hoan chu ky
2L ta co

@(0,¢) = 0 va @(L,t) = 0.

Viéc giai thich tai sao nhu vay xem nhu bai tap. Khi d6 nghiém wu ctia bai toan (1.8)-
(1.10) chinh 1a han ché cta @ trong [0, L] x [0, 00).
Véi truong hop tong quat ta ¢ thé nghi dén viec khit diéu kien bien bing ham cé dang

v(z,t) = h(x — at) + g(x + at)
v6i h, g € C*(R) thoéa man

h(—at) + g(at)
h(L —at) — g(L+at) = [(t) khit > 0.

a(t) khit >0,

Ngoai ra ta c¢6 the ding dén dang thiic hinh binh hanh bang viéc chia [0, L] x (0, c0)
béi cac duong dic trung z + at = kL, k € Z. Chi tiét phan nay xem nhu bai tap. Khi
do6 ta thu dugce két qua sau.

Dinh 1y 1.3. Cho ¢ € C?|0, L], € C'0, L],a, 3 € C?[0,00) théa man cic dieu kién
tuong thich (1.11)-(1.12). Khi dé bai todn (1.8)-(1.10) ¢6 nghiém u € C*([0, L] x[0, 0)).
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Cau hoi tuong tw nhu trong bai toan trén nita truc: viée giai bai toan (1.8)-(1.10)
nhu nao khi thay diéu kién bieén Dirichlet (1.10) béi diéu kién bién Neumann

uz(0,+) = «, ux(L,-) = .
Cac phan tich & trén cho ta thay vai tro quan trong ctia cac duong dic trung:

e N6 xac dinh s6 diéu kién bién dat 1én bai toan: chinh 1a "s6" duong dic trung di

vao mien xac dinh.

e N6 xac dinh mién phu thudc v mién dnh hudéng. Cu thé hon gié tri ban dau sé

lan truyéen theo cac duong dic trung dén nghiem.

e N6 xac dinh mién dé danh gia nang lugng. Diéu nay ta ting thay ¢ phuong trinh
cap 1. Ta sé thay lai diéu nay 6 muc "Déanh gia ning lugng" ciia phuong trinh
hyperbolic.

1.2 Phuong trinh truyén séng sé chiéu cao

Trong muc nay ta quan tam dén bai toan gia tri ban dau cho phuong trinh truyén
song trong khong gian s6 chiéu cao. Cong viéc chu yéu sé 1a dua ra cong thiic nghiem

va mot s6 tinh chat ciia nghiem.

1.2.1 Phuong phap trung binh cau
Cho ¢ € C*(R"),y € CYR"™) va a > 0. Xét bai toan
uy — a*Au =0 trong R" x (0, 00), (1.13)
u(-,0) = ¢, us(+,0) =1 trén R". (1.14)

V6i méi ham w € C(R"),r > 0, ¢6 trung binh cau
L / (y)dS,
_ Wiy )
W™ ! OBy (x) Y

V6i w,r"t = |0B,| dién tich mat cau ban kinh r trong R™. Ham w dugc x4c dinh nho

W(zx,r) =

trung binh cau W ctia n6 béi

w(z) = lim W(x,r),z € R".

r—0t
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Tiép theo, véi u 1a C*—nghiém ctia bai toan (1.13)-(1.14), v6i x € R", ¢ > 0, ta xét

cac trung binh cau

Ulz,r,t) =
O(x,r,t) =

U(x,rt) =

1
Wyrn—1
1
Wy 1
1

wWyr™—1

/ uly, 1dS,,

9Br(z)

/ ©(y,t)dS,y,
OBr(x)

/ w(y7t)dsy
OBr(x)

Ta sé chi ra rang v6i méi x € R™ trung binh cau U(z,r,t) théa man phuong trinh

Euler-Poisson-Darboux

1
U, = a’ (UTT+n—UT),r>O,t>O
T

v6i cac diéu kién ban dau

U(z,r,0) = d(x,

(1.15)

r), Ug(w,7,0) = ¥(x,r),z > 0.

That vay, trudc hét ta viét lai trung binh cau

U(z,r,t) =

Wn

/ u(z + rw, t)dS,.
B1

Dao ham theo 7, 16i diing cong thitc Green ta c6

1 1
U =— | w-Vu(z+rw,t)dS, = — / dyu(y,t)dSy
Wn J By Wnr" B (x)
1
= Au(y, t)dy.
Wy 1 /BT(I) uly: 1)y

Lai do u la nghiém ctia (1.13) nén

1

2/, n—1
r)r —
a“(r"U,) o

Wn

1
—Ou

/ Ut (y, t) dSy
OBr(x)

(/ u(y,t)dSy) ="y,
OBr(x)

Nhu vay U(x,r,t) théa man phuong trinh Euler-Poisson-Darboux. Khong kho dé thay

n6 théa man cac dicu kién ban dau. Dén day ta giai bai toan (1.13)-(1.14) trong cac

truong hop cu thé.
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1.2.2 S6 chiéu 3

Trong truong hop khong gian c6 sé chiéu n = 3, ta c6 thé viét lai phuong trinh
(1.15) dudi dang
(rU)y = a*(rU)pp, 7 > 0,1 > 0.

Khi d6 néu dat

U(z,rt)=rU(x,r,t)

va
&(z,r,t) = r®(z,r,t), Uz, rt)=r¥(z,rt)
thi U thoéa méan bai toan bien hén hgp cho phuong trinh truyén séng trong nita truc

Uy =a®U,,, khir > 0,t > 0,
U(z,r,0) = &(z,r),Uz,r,0) =¥(z,r), khir >0,

U(z,0,t) = =0, khi ¢t > 0.

Khi do, v6i at > r > 0, tur (1.7) co

- d(z,at +r) — dat — 1ot
Ulx,rt) = (z,at +7) (at = 1) - —/ U(x,s)ds,
2 2a at—r
hay
Ul 1) = (at +r)®(z,at + 1) — (at — r)P(z, at — 1) N
2r
at+r
4 U(z, s)d
— [ sU(z,s)ds.
2ar ’
at—r

Cho r — 07 ta c6 cong thiic cho bai toan (1.13)-(1.14)

uw(z,t) = 0 (tP(at)) + tW(at)

1 1
o, ows) i [ vwas,

v6i (x,t) € R?x (0, 00). Chii ¥ rang, khi st dung (1.7) ta chua kiém tra diéu kién tuong
thich
®(0) = 0,¥(0) = 0, 9"(0) = 0.

Duéi day ta chi ra (1.16) thuc sy 1a nghiém ctia bai toan (1.13)-(1.14).
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Dinh 1y 1.4. Cho s6 nguyén k > 2, € C*1(R3), ¢ € C*(R®). Khi dé u zdc dinh bdi
(1.16) thuoc C*(R3 x (0,00)) va théa man

uy — a’*Au = 0 trong R* x (0, 00).
Hon nita né théa man cic diéu kién ban dau theo cdch

li t) = li t) = € R®.
0 u(z, ) ‘P($0)’<z,t>g§o,0> ue(z,t) = ¢ (o), zo

C6 thé thiy nghiem u c6 thé thac trien thanh ham C*(R3 x [0, 00)).

Chiing minh. Ta chiing minh dinh 1y khi ¢ = 0. Khi ¢ = 0 ta chting minh tuong tu.
Tu (1.16) ta c6
u(z,t) = tV(z, at)

trong do

1
U(z,at) = yym "
w|=1

Y(x + atw)dsS,,.

Khong khé dé thay u(-,0) = 0. Ngoai ra, do ¢ € C*(R?®) nén Viu, i =0,1,...,k, xac

dinh va lién tuc tren R? x [0, 00). Dac biét

Au(z,t) = tAV(x,at) = LS A (z + atw)dS,,.

T Jjwl=1

Dao ham theo ¢ va dung cong thitc Green ta co

(o, ) = /| | e+ t)as,

T 4m

1 1
= ., ds, = A dy.
wa , owwas,= o [ vy

Khi do
Uy, t) = — — Ad(y)dy + — Ads(y)ds
e\, - 27Tt3 Bt(x) y)ay 47Tt2 aBt(I) Yy Yy
2 1
—_cum 4 — [ A, tw0)dS,.
; t<)+47T/8131 P(x + tw)dS,

Nhu vay



1.2. PHUONG TRINH TRUYEN SONG SO CHIEU CAO 13

o u(x,t) =V(z,at) + atWy(x,at) nén u(-,0) = ;
o uy(z,t) =2aV(x,at) + a®tVy(x,at) = a®Au;
o Viug,i=0,1...,k—1xac dinh va lién tuc trong R" x [0, c0).
Ta hoan thanh chiing minh. O]

Ta c6 thé viét lai nghiem

1

ulet) = rap

[, )+ o) )+, (17
OBat(x

khi (z,t) € R? x (0,00). Dé ¥ ring gia tri ctia nghiem u tai (z,t) chi phu thudc vio
gid tri clia cdc dicu kién ban dau trén mit cau 0By (r). Qua day ta thay § nghia cta

hing s6 a : toc do lan truyén song.

1.2.3 S6 chiéu 2

V6i bai toan gi tri ban dau (1.13)-(1.14) trong trudng hop khong gian 2—chiéu, ta
diing phuong phép ha thap sé chiéu. Nom na, ham xac dinh trong mit phéng c6 thé
hiéu 1a ham xac dinh trong khong gian va né la hing theo chiéu thit ba. Cu thé nhu
sau, véi p € C%(R?),¢y € C%(R?) la cac ham hai bién z = (x1,75), c6 thé coi ching

nhu ham ba bién T = (z1, T, ¥3) bang cach

$(7) = (), (z) = ¥(2).

Khi d6 cac ham ¢ € C*(R?),v € C*(R?) 1a cac ham ba bién, khong phu thuoc bién
thit ba. Dac biet u € C?(R? x (0,00)) 1a nghiém ctia bai toan (1.13)-(1.14) khi va chi
khi ham

(Z,t) = u(x,t)

I

la nghiém cua bai toan

iy — Azu =0 trong R? x (0, 00),
a('v O) =¥, ﬂt('u O) :77; trén RS‘
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Tu (1.16) ta c6 nghiém clia bai toan trén

N 1 o 1 -
u@. ) = o <47Ta2t /aBat(x) w(y)dSy) " 4rat /83at(x) w(y)ng.

Do céc ham @, khong phu thuoc vao bién thit ba nén ta chi can tinh céc tich phan

trén mat cau 0By (Z) & trén bdi cac tich phan trén nita mit cau trén

Y3 = \/a2t2 — |y — z|%,y € Bat(x).

C6 vi phan mat
atdy

Va2 —y —a?

nén cong thitc nghiém trong truong hgp 2—chiéu

u(x,t) =0, L/ oly)dy +
’ 20T J B,y (x) /AP — |y — z|?

L1 U(y)dy
2am 212 _ |, _ |2
Bat () \/a t ly —

d:;g -

(1.18)

Tu Dinh Iy 1.4 ta c6 két qua cho trudng hop khong gian 2—chiéu.

Dinh 1y 1.5. Cho s6 nguyén k > 2, € C*Y(R?),¢ € C*(R?). Khi dé u zdc dinh bdi
(1.17) thuoc C*(R? x (0,00)) va théa man

Uy — a*Au = 0 trong R? x (0, 00).
Hon nita né théa man cdc diéu kién ban dau theo cdch

lim  u(z,t) = p(xg), lm  w(z,t) = ¥(x0), 20 € R

(z,t)—(2(,0) (z,t)—(20,0)
t>0 t>0

Nghieém trén c6 thé thac trién thanh ham C* trén R? x [0, 00). Ta viét lai nghiém

(1.17) dudi dang

w(a ) = — /B ) ply) + Vely) -y =) +tly) (1.19)

2mat \/a2t2 — |y — ]2
khi (z,t) € R? x (0,00). Dé ¥ ring gia tri clia nghiéem u tai diém (z,t) chi phu thuoc
vao gia tri ban dau ¢, trong hinh tron By (z). Ta lai thay ¥ nghia ctia a : toc do lan

truyen.
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1.2.4 Tinh chat ctia nghiém

Trong cac muc trude ta dua ra cong thitc C?—nghiém ctia bai toan gia tri ban dau
ctia phuong trinh truyén soéng trong khong gian n—chiéu, véi n = 1,2, 3. Néu ky hiéu
u, 1 nghiem trong khong gian n—chiéu thi véi mdi (z,¢) € R™ x (0,00) ta ¢6

e cong thic nghiem D’Almebert

o(x —at)+px+at) 1 /”‘”

¥ (y)dy;

ul(xut): 9 +%

—at

e cong thitic nghiém Poisson

1 / ply) + Voly) - (@ —y) +10(y) ,
2m%at [, () Vart? — |y — xf?

’

ug(z,t)

e cong thitc nghiém Kirchhoff
1

uslet) = e

| o)+ Vo) (« ) + t6(w)ds,

OBat(x)

Duéi day ta sé dua ra mot sd tinh chat clia nghiém qua viéc quan sat cac cong thic
nay.

Vé mién phy thuoc, mién xac dinh gia tri ctia nghiem u tai diém (z,¢) € R™ x (0, 00)

v6i mdi trusng hop duge thé hién nhu sau:

e Truong hop n = 1, mién phy thuoc ctia (x,t) 1a doan thang [z — at,z + at]. Cu
thé hon, véi trang thai ban dau ta chi can hai dau mit (x — at, 0), (z + at, 0).

e Truong hgp n = 2, mién phu thudc ctia (z,t) 1a hinh cau By(z).
e Truong hgp n = 3, mién phu thudc clia (z,t) 1a mat cau By ().

Tinh chat nay dugc hiéu la tinh chat dia phuong clia nghiem ctia phuong trinh truyén
song, nghia 1a néu gia tri ban dau chi thay doi 6 ngoai mién phu thudc thi gia tri cta
nghiem khong thay déi. Diém nay hoan toan khac so v6i phuong trinh truyén nhiét.

Ta nhin nguge lai qua trinh trén, gia tri ban dau tai diém (zg,0) sé anh huéng dén gia

tri cua u
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e truong hop n = 1 hay n = 2, trong nén a|z — xo| < ¢,
e truong hop n = 3, trén mit non alz — x| = t.

Cu thé hon, gid sit gid ciia cac diéu kién ban dau ¢, nam trong cac hinh cau B, (7).

Sau mot thoi gian ¢ ta co
e truong hop n = 1 hay n = 2 gia ctia u(-,t) ndm trong hinh B, 4 (o),
e truong hop n = 3 gid clia u(-,t) nam trong hinh B, (7o) \ Br_at(70).

Tinh chat dau tien ta thay ducc tit day duge hiéu la tinh chat lan truyen véi téc do
hitu han, cu thé téc do lan truyén a, nghia la nhitng gi xay ra tai thoi diém ban dau
lan ra véi toc do a.

Diéu tiép theo ta c6 thé thay co su so sanh giita song trong mat phang va séong trong

khong gian:

e song trong mit phang (ching han séng trén mat ho khi tha mot hon da xudng),
st anh hudng cia diéu kien ban dau tai mot diém khi da anh hudng sé 1a anh

huéng mai mai,

e song trong khong gian (chang han séng am thanh), sy anh huéng ctia diéu kien
ban dau tai mot diém chi trong mot khoang thai gian nhéat dinh, con goi la du

aln.

Hién tugng du am cta séng trong khong gian con goi 1a nguyén ly Huygen. Cac séng
trong khong gian s6 chiéu 1é, trit truong hop n = 1, ciing chia sé nguyén 1y Huygen.
Tiép theo ta ban vé tinh tron ctia nghiém phu thuoc vao tinh tron ciia diéu kién ban

dau nhu nao?

e Truong hop n = 1, do tron ctia u chinh xac bang do tron clia trang thai ban dau
u(-,0), va tot hon 1 so véi do tron ctia van téc ban dau w,(-,0). Cu the, néu tai
thoi diém ban daut =0 c6 u € C™, u, € C™ ' thi nghiem u € C™ tai thoi diém

sau do.

e Truong hop n = 3, do tron clia v kém hon so v6i do tron clia trang thai ban dau
, va bang do tron ctia van tdc ban dau. So vdi so chiéu n = 1, n6 thue sy bi mat

di mot bac kha vi.
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Vi du sau cho ta thay thuyc sy bi mat mot bac kha vi.
Vi du 1.1. Xét bai toan gia tri ban dau cho phuong trinh truyén séng trong R3
uy — Au =0 trong R* x (0, 00),

u(-,0) = 0, uy(-,0) =1 trén R>.

Nghiém dugc cho béi
ue, t) = i/ $(y)dS,, (z,1) € B? x (0,00).
ATt JoB,(a)

Gié stt ¢ chi phu thudc vao |z], nghia la ¢(x) = h(]z|), h : [0,00) — R, thi

w(0,4) = —— / h(t)dy = th(t).

47t
Véi s6 nguyén k > 3, néu ¢ khong thuoc l6p C* tai || = 1, nghia 1a h khong thuoe
16p C* tai t = 1. Khi d6 nghiem v sé khong thudc 16p C* tai (0,1). Y nghia vat Iy ciia
hién tugng nay:
Khi c¢6 k¥ di tai thai diém ban dau trén |z| = 1 thi k¥ di d6 sé lan doc theo nén dic

trung va tap trung tai dinh ctia non.

Chu y rang (0,1) dinh cta nén {(z,¢) : 0 <t < 1,|z| < 1—t} c6 day {(z,0) : |z| = 1}.

1.2.5 S chiéu 1é

Tiép theo ta dua ra cong thitc nghiém cho bai toan gia tri ban dau (1.13)-(1.14)
trong khong gian s6 chiéu 1é bang cach st dung trung binh cau U(x,r,t). Nhic lai
phuong trinh Euler-Poisson-Darboux

n—1

Utt == (12(Ur,«r,« +

U,) khir > 0,t > 0.
Bién déi mot chat phuong trinh trén
(r0)y = a*((rU)yy + (n — 3)U,.).

Ta dimg phuong trinh trén dé gidi bai toan gia tri ban dau khi n = 3. Tuy nhién n = 5

ta can dén dang khéic ctia phuong trinh trén

(r*U, +3rU)y = a*((r*U, + 3rU)pp + (n — 5)rU,,.).
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Dé lam cho trudng hop tong quét ta dé y
2 87’ 3
U + 3rU = —(r°U).
T

Day la diém goi ¥: phuong trinh Euler-Poisson-Darboux chuyén vé dang phuong trinh
truyen séng 1—chiéu trong goéc duong r > 0,¢ > 0 cho ham dang

n—3

(87) 7 ),

B6 dé 1.6. Cho m € N,v = v(r) la ham thuoc C™(0,00). Khi dé vdi bat kjr > 0

P A 2 P - P
Ta can dén bo dé tinh toan sau:

ta co
2N\ (1d\" Ld\™ [ ,,dv
=\ 7 " = - m_— 1.2
(er) (7" dr) (r v(r)) (7" dr) (r dr(r)> ’ (1.20)
1d\"" 2m—1 -« i1 d'
(;5> (r" " o(r)) = 2; Cmar™ == (1), (1.21)
trong dé ¢y, ; la cdc hing sé khong phu thuoc v, véii=0,1,...,m —1, va

Cmo=1-3---(2m—1).

Chiing minh. Ta ching b6 dé bang quy nap. Viéc kiém tra bo dé khi m = 1 kha hién
nhién. Gia st bé dé ding v6i m. Ta chitng minh b dé cho m + 1. Ta ¢6

1d

(T () =(2m 4+ e () + 2 (), (1.22)

St dung (1.22) va gia thiét quy nap cho (1.21)
1 d m 1 d m—1
(;5> (7“2m+1’li(7“)) _ (__) ((2m+ 1)7“2m_1’U<7") —|—7"2m21/(7“))

m—1 1 m—1 3
o dv i d'
_ RS i W — P
=@m+1) Y e () Y enar T (0 (1)

1=0 =0
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nén
Cm+1,0 :(2m + 1)cm,07 Cm+1,m = Cmym—1,

Cm+1,i :(2m + 1+ Z')Cmﬂ‘ + Cmﬂ‘_l,ll = 1, N 1.

Nhu vay ta da chiing minh duge (1.21).
Lai st dung (1.22) gia thiét quy nap cho (1.20)

(£) () -

(;L;) (1 i)m_l ((2m + )™ o(r) + 2™ (r))

rdr
]' d " 2m /! 2m / /
=\ 9 ((2m—i—1)r v'(r) + r " (rv (7’)))
Chi §
(2m + D)r?™' (r) + 2" (r'(r)) = (2m + 2)r*™0' (r) + ™" (r)
nén dung (1.23) ta c6 (1.21) cho m + 1. Ta hoan thanh chitng minh. O

Quay trd lai viec giai bai toan (1.13)-(1.14) trong khong gian c6 s6 chieu 1& n =
2m + 1,m € N. Gia st ¢ € C™(R"),v» € C"™ 1 (R") va u € C™"H(R" x [0,00)) 1a
nghiém ctia bai toan (1.13)-(1.14). Khi d6 néu dat

8 o™ !
U(z,r,t) = (—r) (r™ U (2,7, 1))

r

va

d(z,r,t) = (@)m_l (rm = o(x, 1, 1),

r

U(z,r,t) = @) " (r™ ' (z, 1))

r

thi U thoa méan bai toan bien hén hgp cho phuong trinh truyén séng trong nita truc

Uy =a®U,,, khir > 0,t > 0,
U(z,r,0) = &(x,r), Uz, r,0) =U(z,r), khir >0,

U(z,0,t) = =0, khi ¢t > 0.
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That vay, dieu kien ban dau ¢ trén dude suy ra dé dang tit tinh chat clia cac trung
binh cau U, ®, ¥. Con diéu ki¢n bien duge dan ra tit (1.21) trong Bo dé 1.6. Dé chi ra
phuong trinh, trutde hét tinh toan

Or

(r2mUr) =¥y 2mr 2,
,

Cha § n = 2m + 1, va dung phuong trinh Euler-Poisson-Darboux ta thu dugc

0

r

(szUT) = T2m_1Utt.

a

Tiép tuc st dung (1.20) trong Bo dé 1.6 ta dugc

m—1 m
a*U,, =a*d? (@> (r*"1U) = a? (%) (r*™U,)

r r

a’r m—1 B
:a2 (—) (sz_lUtt) = Utt-

r

Nhu vay U(z,r,t) théa man bai toan bien hén hgp trong géc duong. Khi dé, véi
at >r >0, tu (1.7) ¢

- O(x,at + 1) — d(at — 1
Ulz,rt) = (z,a +T)2 (at = 1) —1—%/ U(z, s)ds.

t—r

St dung (1.21) trong B6 dé 1.6 c6

lim U(z,rt) = lim Yle,r.t)

r—0t r—=0T  Cp T

hay cong thic nghiém cho bai toén (1.13)-(1.14)

w(,t) = 1 lim <(i>($,at +7) — ®(at — ) N 1 /at—l—r B S)d3>

Cm,0 T—0* 2r 2ar

B Oy [Cb(m,at)} + U(z, at)

Cm7[)a

Véi chi ¥
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nén ta viét lai nghiem dudi dang

n—3
1 o\ ? 1
ule,t) = Cn [at (?) (wnanlt /ajeat(x) SOdS) i
n—3
o\ 2 1
(1) (G L)

v6i (x,t) € R" x (0,00),n 18, w, 1a dién tich mat cau don vi trong R™ va

. (1.24)

Chi ¥ rang, khi stt dung (1.7) ta chua kiém tra diéu kién tuong thich
®(0) = 0,¥(0) = 0, 9" (0) = 0.
Duéi day ta chi ra (1.24) thuc sy 1a nghiém cta bai toan (1.13)-(1.14).

Dinh 1y 1.7. Cho s6 nguyén lén > 3 va s6 nguyén k > 2. Gid sit p € C"z TH(R"), ¢ €
C"T TR(R") va u zde dinh bdi (1.24). Khi dé u € C*(R" x (0,00)) va théa min

Uy — a*Au = 0 trong R™ x (0, 00).
Hon nia né théa man cac dieu kién ban dau theo cdch

li t) = L = -
(z,t);;riio,o) u(x7 ) ()0(1'0)7 <I,t)tl;r?070) Ut(x, ) 1/)(370)’1.0

Nghiém trén c6 thé thac trién thanh ham C* tren R™ x [0, 00).

Chitng minh. Ta lam gan gidng nhu truong hgp n = 3. Ta chiing minh dinh 1y khi
@ = 0. Khi ¥ = 0 ta ching minh tuong tu.
Tu (1.24) ta ¢6
n—3
1 [0\ &
u(z,t) = — (?t) (t" 2V (z, at))

Cn

trong do
1
U(z,at) = — Y(x + atw)dsS,,.

Wn Jwl=1
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Tit (1.21) trong Bb dé 1.6 c6
n—3
1 2

u(z,t) =
Cn

c%7iti+18Z[W($, at)] (1.25)

hgt

I
o

1

v6i ea1 g = ¢, Tit d6 khong kho dé thay u(-,0) =0 va

ur(z,0) = lim ¥(z,at) = (x).

t—0t+
Ngoai ra, do ¢ € C%B*’“(R”) nén Viu, i = 0,1,...,k, xac dinh va lién tuc trén

R" x [0, 00). Dic biet

n—3
1

Au(z,t) = ( )2(t”_2A\D(x,at))

n—3
1 2 n—2
=— (@) <t / AY(x + atw)dSw)
Cnp t Wn |w|=1

1 Oy T 1
on ( t ) (wnanlt /aBat(x) AW?J)dSy) (1.26)

Dao ham theo ¢ va dung cong thiic Green ta c6

Uy (x,t) :i/||—1 O, (z + tw)dS,,

Wn

1 1

= 0, ds, = A dy. 1.27
Wyt /BBt(x) viv)dS, Wyt /Bt(:v) Vv)dy (1.27)

Khi d6 Viug, i =0,1...,k — 1 x4c dinh v& lién tuc trong R™ x [0, 00).

St dung (1.20) trong B6 dé 1.6 va (1.27) ¢6

n—1

v, t) =L (87) @, an)

Cn

1 (aNT [ 1
s (7) <wna"‘2 /Bat(x) Aw(y)dy)

1 (a7 [ 1
e <7) <wna"—3t /53at(x) Ad}(y)dy) ‘ (1:2%)

Nhu vay, ti (1.26) va (1.28) c¢6

uy(x,t) = a®*Au(x,t), (z,t) € R" x (0, 00).

Ta hoan thanh chiing minh. O]
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1.2.6 S& chiéu chin

Truong hop khong gian s6 chiéu chdn n > 2, ta lam tuong tu nhu truong hop
mat phang. Ta cling ding phuong phap ha thap s6 chiéu. Cu thé nhu sau, véi ¢ €

n+2

C*2 (R"),p € C2(R"™) 1a cac ham n bién o = (zy,...,x,), c6 thé coi chiing nhu ham
n+1bién T = (z1,...,Tp, Tnr1) bang cach
¢(7) = p(2), ¥(7) = ¥(2).
Khi d6 cdc ham ¢ € C"2 (R™1), ¢ € C'2(R™!) 1a cdc ham n + 1 bién, khong phu
thuoc bién thit n+ 1. Dac biet u € C*(R" x (0, 00)) 1a nghiém ctia bai toan (1.13)-(1.14)
khi va chi khi ham
w(z,t) = u(z,t)
la nghiém cua bai toan
iy — a®Agzu =0 trong R"™ x (0, 00),
u(-,0) = @, % (-,0) =¢ tren R™,

Tt (1.24) ta ¢6 nghiém clia bai toan trén

- 1 o\T [ 1 o
U(I7t) o Cn+1 [at <7> (wn-‘rlant /83at($) so<y)dsg> *

a\T [ 1 -
" <7> (wn+1a"t /8Bat(:r:) w(y)ng) ] ‘

Do cac ham @, 1) khong phu thuoc vao bién thit n+ 1 nén ta chi can tinh céc tich phan

trén mit cau 0By (Z) & trén bdi cac tich phan trén nita mat cau trén

Ynt1 = \/a2t2 — |y — )%,y € Bu(x).

C6 vi phan mit

ds, — atdy
VPP —Jy—aP

1 L 2 o(y)dy

- / go(y)ng :ﬁ/ 242 2
W10t 9Bat(T) Wnp410 Bat(x) \/CL 1 — |y - IE|
20, n / o(y)dy

Bat(2) \/a2t2 — |y — :v|2'

NWpy1 wpa™ !t
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. 27™/2 .
Do dién tich mat cau don vi trong R” 1a w,, = F7T(n) va n = 2m — 2 chan nén
2
NCp+1Wn+1
—————=2-4---(2m —2) = ¢,.
o (2m—2)=c

Khi dé nghiém ctia bai toan (1.13)-(1.14) trudng hop n = 2m — 2 chan

u(z,t) = L % <%) 2 nnl/ 2920(9)5@ 5|
Cn W@ But(z) /@22 — |y — x|
N (@)2 n / Vly)dy . (1.29)
t wn@™ @) /@22 — |y — x]?

Tu Dinh 1y 1.7 ta c6 két qua cho truong hgp khong gian n = 2m — 2 chiéu.

Dinh 1y 1.8. Cho s6 nguyén chinn > 2 va s6 nguyén k > 2. Gid st € C2F(R™), 4 €
C"T (R va u zde dinh bdi (1.29). Khi dé u € C*(R™ x (0,00)) va théa man

Uy — a*Au = 0 trong R™ x (0, 00).
Hon nia né théa man cac dieu kién ban dau theo cdach

: B : _ n
W)lirgo’o) u(z,t) = p(xo), (x,t)lggo,m w(x,t) = Y(xg), zo € R™.
t>0 t>0

Nghiém trén c6 thé thac trién thanh ham C* trén R” x [0, 00).

1.2.7 Tinh chat toan cuc

Trong muc nay ta ban vé tinh chat toan cuc clia cac nghiém clia bai toan gia tri

ban dau cho phuong trinh truyén séng. Dau tién ta c6 tinh bi chin toan cuc.
Dinh 1y 1.9. Cho n > 2, ¥ la ham tron trong R™, va u la nghiém cia bai todn

uy — Au =0 trong R™ x (0, 00),
u(+,0) = 0,u(-,0) =1 trén R™.

Khi dé, vdi bat kyt > 0 ta cé
n—1
[ul- )= < C Y |[V|n
i=0

trong dé C' la hing so6 duong chi phu thuoc so chiéu n va toc do lan truyeén a.
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Cac nghiém khong chi bi chin toan cuc ma con giam vé 0 khi ¢ — oo khi s6 chiéu
khong gian n > 2. Day diém khéac han so vé6i trusng hop s6 chiéu khong gian 1. Tir
cong thitc nghiem D’Alembert c6 thé thay né khong nhitng khong giam vé 0.

Dinh 1y 1.10. Cho n > 2, ¢ la ham tron trong R™, va u la nghiém cia bai todn

uy — Au =0 trong R™ x (0, 00),
u(+,0) = 0,u(+,0) =1 tréen R™.

Khi dé, vdi bat kyt > 1 ta co

(3]

u(, )| < CF 3 |[V| |

=0

trong dé C' la hang so duong chi phu thuoc s6 chiéu n va toc do lan truyén a.

Danh gia do triet tiu trong Dinh 1y 1.10 13 t6i wu khi ¢ 16n. N6 déng vai tro quan
trong trong viéc nghién ctiu nghiém toan cuc ctia phuong trinh truyén séng phi tuyén.
Cht ¥ do triét tieu thay doi khi s6 chiéu thay doi.

Truée khi dua ra ching minh cac két qua trén, ta chitng minh ¢~! ding la do triét tieu
khi s6 chiéu n = 3 bang 1ap luan hinh hoc. Tt (1.16) nghiém u dugc cho béi

! / W(y)dS,, (x,t) € R x (0, 00).
0Bat(z)

Gia st ¢ ¢6 gia compact nghia la suppy C B véi R > 0 du 16n. Khi do

u(z,t) = Y(y)dS,, (z,t) € R* x (0,00).

dmt /83at (z)NBgr

Khong kho dé nhin thay ring, véi bat ky z € R3¢ > 0 c6
dien tich| Bg N 0By (7)| < |0Bg| = 47 R*.

Khi d6
2

)] < - sup vl
Tuy nhién danh gia trén c6 diém khong thuan lgi vi c6 st xuat ctia gia clia ¢ trong
héng s6.
Ta quay tré lai chiing minh cac Dinh 1y 1.9 va Dinh 1y 1.10. Viéc chiing minh st dung

N - 2 o= N
viéc bieu dién nghiém.
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Chaing minh Dinh ly 1.9 va Dinh Ij 1.10. Trudc hét ta chiing minh truong hop sé chiéu
1é n = 2m + 1. Ta st dung cong thic (1.25)

m—1
1 . .
t = — mltl-‘rlal \II 5 t
)= 5 2 enit ¥ (. a)
voi

1

wntnfl

/ Y(y)dS, = i (x4 tw)dS,,
0B¢(w)

|w|=1

U(z,t) =

10 (z, 1) :i/ i b(a + tw)dS,.
|w|=1

wn
Ta c6 the gia st gia cua 1 1la compact vi

e u(z,t) hoan toan xac dinh bdi gia tri clia ¥ va cac dao ham clia n6 trén mat cau

0B (z);

e chon ham n € C§°(R") sao cho n = 1 trong By41)(x),n = 0 ngoai Byy2)(z) va
cac VFn bi chan déu theo (z,t), chdng han

n(y) = / ply — z)dz,
Ba(t41/2)()

vO1
1
CevP-1  khi |y| < 1/2,

p(y) =
0 khi [y| > 1/2,

trong d6 hang s6 C dé ;. p(y)dy = 1;
o thay o béi 1.
Do v ¢6 gia compact nén véi w € 9B; ¢6
Oip(z + atw) = — /too %[822/1(56 + asw)]ds.

Khi d6
Oi[W(x,at)] = —— dS, / — [0 (x + asw)]ds.
|w]=1 t
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~3
V&szt21J=0J,”ﬂn—1:”2 c6
2m n—1
om0
t =z
Do do
) ) ai+1 [e'e) )
LD (2, at)]| <—— / 1 / (V1) ( + asw)|dS.,
wpt 2 Jt lw|=1
i+1—n ]
< —— IV
Wyt 2

Ta da chitng minh Dinh 1y 1.10 cho truong hgp n 16. Dé chiitng minh Dinh Iy 1.9 ta can
biéu dién, khi i =0,1,...,n —1,

Oip(z + atw) = (—1)" 1 / (s — )" 29" 9i) (2 + asw)]ds.
t
Véis>t>0,i=01,....n—1co
1+ (s — )2 < g1,

Do dé

n—1 0
O (z, at)]| <= / s"1ds / (V" 14) (2 + asw)|dS.,
t |w|=1

Wn

< i \VALRE:

< — V"l
Wn

Ta da ching minh cac Dinh 1y cho n 1é.
Dé chitng minh cho trudng hop n = 2m chén, ta dimg (1.29)

(o) = — (%) (10 (2, at))

Cn

v6i

Wz, at) =" hé()J U(y)dy

wnanfltnfl a2t2 _ ’y _ x’Q

n Y(r + atz)dz

wTL Bl \/ 1 - |Z‘2
n [ orrldr

=— e Y(x + artw)dS,,.
wWn Jo V1—=1r2)w=1 ( )
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Tuong ty truong hop n 1é, v6i n = 2m ta cé

m—1

u(,t) == 3 et O (, at)),

Cn
1= 0
S qipnti-lpit gy, i
0LV (z, at)] A ||71(8yw)(x+artw)d5w

t azTn—H 1d7_
o ), e
(0L)(x + atw) :(—1)”_14_]L / (s —71)"" i_28§_i_1[8iw(x + asw)]ds.

Ma 7771 (s — 7)ni=2 < 7725771 khi 0 < 7 < min{s, ¢} nén

L dr T na” ts"lds

HHLO (2, at)]| <

o) < [ s [P
0 T

V" Y (x + asw)|dS,,

Jwi=1

nim _
SQ—HVn U
Wy,

(OL¢) (x + aTw)dS,,

Nhu vay ta da ching minh Dinh 1y 1.9 khi n chén.
Dé chitng minh Dinh 1y 1.10 ta téch tich phan

t—e
1910 (z, at)] ( / / ) L+ 1),
wn
Danh gia I, ta ding biéu dién tuong tu trén, véi n = 2m,
@)+ arw) = (<1 [ (s = 1y 0r Bl + as)lds

mtizl(g _ pym=i=l <ym=1g2m=1 khi 0 < 7 < min{s, t} ta c6

| < / /na s 1ds><
| <5 | T

X / (V"™ )(x + asw)|dS,
|w]=1

2nmy/e

—wnam—ltm—1/2

va T

INARGIIE

Danh gia I; ta dung:
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o i<t lkhio<rT<t,t>1vai=0,1,...,m—1,

e 0<t(2e—€*) <t?—72khi 0 <7 <t—¢edinho.

Khi do
S [l [ 9+ anlas
T x4+ atw)|dS,,
' T tmml2te — €2 o wl=1
1 )
< \V& 1.
_tm_l/QmH wHL
Lay € = 1/4 ta c¢6 chting minh cho Dinh 1y 1.10. O

1.2.8 Nguyén ly Duhamel

Trong muc nay ta quan tam dén bai toan gia tri ban dau cho phuong trinh truyén
song khong thuan nhat. Lay ¢ va 1 1an lugt 1a cac ham thuoc 16p C? va C! trong R”,

con f la ham lién tuc trén R™ x (0, 00). Xét bai toan

uy — a’*Au =f trong R™ x (0, c0), (1.30)
u(+,0) = @, us(-,0) =1 trén R". (1.31)

Khi f = 0, nghiém u ctia bai toan (1.30)-(1.31) dugc cho béi (1.16) khi n 1é, va béi
(1.29) khi n chdn. Chu ¥ ring cac cong thiic nghiem déu c6 hai sé hang, chi sai khac
nhau dao ham theo ¢. Day khong phéai sy ngau nhién.

Dé giai bai toan (1.30)-(1.31) ta chia thanh ba bai toan nhé sau:

Bai toan 1 :

uy — a?Au =0 trong R" x (0, 00), (1.32)
u(+,0) = ¢, u(-,0) =0 trén R". (1.33)

Bai toan 2:
uy — a?Au =0 trong R™ x (0, c0), (1.34)

u(+,0) = 0,us(+,0) =1 trén R". (1.35)
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Bai toan 3 :

uy — a*Au =f trong R™ x (0, c0), (1.36)
u(+,0) = 0,u(+,0) =0 trén R". (1.37)

Tong céc nghiém clia ba bai toan trén cho ta nghiem ctia bai toan (1.30)-(1.31).

Véi ¢ € C2 YR, (1,t) € R™ x (0,00) ta dit

n—3
1 2 1
My(z,t) = — (%) ( /63 ( )zpds) , khin >3 valé, (1.38)

Cn wpa™ Lt

va

n—2
1 N .
My(z,t) = — (%) ( n /33 ( )¢d5’) , khi n > 2 va chén, (1.39)

cn \ T wpan !

trong d6 w, 1a dién tich mat cau don vi trong R" va

1-3---(n—2) khin >3, 16

Cp =
2.4...n khi n > 2, chén.
Chi ¥
1
M "; khi n 1¢,
5| t1= p _
2 "; khi n chin,

nén tir cdc Dinh 1y 1.7 v 1.8 ta c6 két qua sau.

Dinh 1y 1.11. Cho s6 nguyén k > 2, ¢ € CEH—YR") va v = M. Khi dé u €
CF(R™ x (0,00)) va théa man

Uy — a*Au = 0 trong R™ x (0, 00).
Hon nita né théa man cdc diéu kién ban dau theo cdch

(E,t)ériioﬁ) U(Jﬁ, ) ’ (zvt)tl—;r?o@) Ut(.’ll', ) @D(l’o), Lo

Tinh toan truyc tiép ta thu duge két qua sau.
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Dinh 1y 1.12. Cho 56 nguyén k > 2, ¢ € CEFF(R") va u = 9,My. Khi dé u €
CF(R™ x (0,00)) va théa man

uy — a?Au = 0 trong R™ x (0, 00).
Hon nita né théa man cic diéeu kién ban dau theo cdch

: B : B n
@,t)lljgo,o) u(z,t) = p(zo), (I,t)lg(rio,o) ui(z,t) = 0,29 € R™.
t>0 t>0

Tt két qua nay ta nhin lai cac chiing minh cho trudng hop n = 3 va n 18.

Chiing minh. Tt Dinh ly trudc ta c¢6 M, théa man phuong trinh truyén séng nén
u = 0;M,, duong nhién théa man phuong trinh truyen song. Ngoai ra ciing tit Dinh 1y
trude ta co

u(-,0) = 9 M,(-,0) = .

Lai do M, théa man phuong trinh va M,(-,0) = 0 nén
u(+,0) = 02 M, (+,0) = a> AM,(-,0) = 0.
Ta hoan thanh chiing minh. O]
Két qua tiép theo dugc goi 1a nguyén ly Duhamel.
Dinh 1y 1.13. Cho s6 nguyén k > 2, f € CEH™YR") va u duge zdc dinh bdi
t

u(z,t) = /0 My (z,t —7)dr,

vdi fr = f(-,7). Khi dé6 u € CH(R"™ x (0,00)) va théa man
uy — a*Au = f trong R" x (0, c0).

Hon nita né théa man cdc diéu kién ban dau theo cdch

lim  w(z,t) =0, lim w(z,t)=029€R"

(z,t)—>(20,0) (z,8)—=(z0,0)
t>0 t>0
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Chaing minh. Vé do tron clia u duge suy ra tit Dinh 1y 1.11. Diéu kién u(-,0) = 0 ciing
dé thay. Ky hieu w(z,t,7) = My, (z,t — 7),7 > 0, thl w théa man

wi — a*Aw =0 trong R" x (7, 00),
W('7 T, T) - 07 Wt('; T, T) :fq— trén R™.
Véi chi ¥ diéu kién tai t = 7, tinh toan

w(z,t) = :zrtT B /8tw:£t7

va

t
g (, t) zatw(x,t,T)|T:t+/ Onw(x,t, 7)dT
0

=fi(z) + a® /t Aw(zx,t,7)dT

0
=f(x,t) + Au.

Do d6 uy —a?*Au = f trong R™ x (0, 00) va u(+,0) = 0 trong R". Ta hoan thanh chiing
minh. ]

1.3 Danh gia nang lugng

Trong muc nay ta dua ra cac danh gia nang lugng cho nghiém cua cac bai toan gia
tri ban dau cho phuong trinh hyperbolic tong quat hon mot chit so v6i phuong trinh
truyén song.

Ta bat dau bang viéc quan sat C?—nghiém ctia phuong trinh truyén séng
uy — a*Au = 0 trong R" x (0, 00)

v6i hdng s6 duong a. Gid sit trang thai ban dau u(-,0) va van toc ban dau u(-,0) c¢6
gia compact. Khi d6, do tinh lan truyén véi toc do a nén gia ctia u(-,t) van compact
khit > 0. C6 dinh t > 0, c6 R > 0 dé u(-, s) c6 gid nam trong Br v6i bat ky s € (0,1).
Cha ¥ rang .

1
u(ugyy — Au) = 5(”? + ‘qu|2) - Z(utuzz)wz

=1
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nén dung cong thic dang DIV ta c6

1 1
2 / (uf + | Voul*)dz = 5 / (uf + | Voul*)dz.
R x{t} R™ x {0}

Dang thiic trén duge hiéu la dinh luat bao toan nang luong. Vi phuong trinh hyperbolic
n6i chung ta khong cé ding thitc ma ta chi c6 cac danh gia nang lugng.
Duéi day a,b;(i = 1,n),c va f 1a cdc ham lién tuc tren R™ x (0,00), con ¢, la cac

ham lien tuc trén R™. Xét bai toan gid tri ban dau

uy — V- (aVu) +b-Vu+ cu =f trong R" x (0, 00), (1.40)
u(-,0) = ¢, u(-,0) =1 trén R". (1.41)

Gia st rang ham a duong va thoa man
A <a(z,t) <A, (z,t) € R" x (0,00) (1.42)

véi A\, A 1a cac hing s6 duong. Khi b, = ¢ = 0 vi a = 1 thi (1.40) trd lai 1a phuong
trinh truyén séng.

Tiép theo ta dat
1

K= —.
VA
Giéng nhu phuong trinh cap 1, véi méi diem P = (X, T) € R" x (0,00) ta ky hieu
e n6n dinh P xac dinh béi

Co(P)=A{(x,t): 0<t<T,klx—X|<T-—1t},
e n6n Cy,(P) c6 mat xung quanh

0sCu(P) ={(z,t): 0<t<T,klz —X|=T—t},
e nén Cy(P) c6 day

0_Cu(P)={(z,t): t=0,klz — X| <T}.
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Dinh 1y 1.14. Cho a thuoc I6p C*,b;(i = 1,n),c va f la cic ham lién tuc trong
R" x [0,00), va o thuoc Idp C* 4 la ham lién tuc trong R™. Gid si (1.42) zdy ra va
u € C*R™ x (0,00)) N CHR™ x [0,00)) la nghiém cia bai todn (1.40)-(1.41). Khi dé
vdi bat ky diem P = (X, T) € R™ x (0,00) va bat ky n > no,

(n—no) / e " (u? + ul + a|Vu|?)dzdt <
Cr(P)

< / e " (o* + Y* + a|V|?)drdt + / e " fAdxdt,
0-Cr(P) Cr(P)

trong dé o la hdng so duong chi phu thudc vao n, N, L°—chuan ciia b, c trong Cy(P).
Chatng minh. Léy s6 duong n. Ap dung cong thitc dang DIV cho mién C(P) va truong
F = (—e "au;Vu, e " (u* + u? + a|Vul?))
véi cac cha y
V- (e " au,Vu) =e "aVu - Vu + e "u;V - (aVu),
[e™™(u? +ul + a|Vul?)]; = — ne” ™ (u? + ul + a|Vul?)+
+ 2e7 ™ (wuy + ugugy + aVu - V),

va

e trén mit xung quanh 9,C,(P) c6 véc-to phap tuyén ngoai don vi tai (z,t)

( ) ! ( il 1)
1% goee ey Vn7 2 — K , ,
1 Y V1 U — X
e trén diay 0_C,(P) c6 véc-to phap tuyén ngoai don vi la (0, —1) va truong
F = (_efﬁtautvu’ g02 _i_wZ +G’V90|2)
ta co
/ e M ((u2 + uf + a]vumyt — 2qu;Vu - Vm) dS—
95Cr(P)
[ @ raVePie = [ el +alVuP)dudts
8_Cn(P) Ce(P)

+2/ e "uy (1 —c)u—b-Vu+ f)dzdt.
Cr(P)
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Lai co6
20wy (1 = cJu—b-Vu+ f)| <mo(w? +uf + a|Vul?) + f?
voi
1
no = sup |c|+ sup |b] + —,
Cu(P)  Cup) A
va
2|au;Vu - vy| <2aluy| - |Vul - v,
< 2wy - |[Vulva - va -k
< (Jug|* + a|Vul|*) v,
ta c6 diéu phai ching minh. O

C6 thé thay vai tro clia néon Cy(P) trong chiing minh Dinh 1y 1.14 giéng nhu trong
L?—danh gi4 nang luong ciia phuong trinh cap 1. Hing s6 x duge chon dé tich phan
trén mat xung quanh 9;C,(P) la khong am nén b6 di duge.

Ciing nhu trong L?—danh gid nang lugng cho phuong trinh cap 1, tit L>—danh gia dia
phuong ctia Dinh 1y 1.14 ta dé dang thu dugc L?—danh gia nang lugng toan cuc sau:

Dinh 1y 1.15. Cho a thudc I6p C*,b;(i = 1,n),c va f la cic ham lién tuc trong
R" x [0,00), va ¢ thudc ldp C* 4 la ham lién tuc trong R™. Gid si (1.42) xdy ra va
u € C*HR™ x (0,00))NCHR™ x [0,00)) la nghiém clia bai todn (1.40)-(1.41). Véi T > 0,
néu f € L*(R™ x (0,T)) va ¢, Ve, € L*(R™) thi vdi bat ky n > no,

(1 —1m0) / e (u? + u? + a|Vul?)dzdt <
Cx(P)

< / e M (? +* + a|V|?)dzdt + / e " fdxdt,
8_Co(P) Cr(P)

trong dé ny la hang sé duong chi phu thudc vao n, X, L°—chuan cta b;, ¢ trong R™ x
[0,T].



