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Chuong 1

Nhic lai phuong trinh dao ham

riéng cap 2

1.1 Phan loai

Trong muc nay ta quan tam phuong trinh dao ham riéng tuyén tich cap 2.
Cho € 1a4 mot mién chita gbc trong R™. Xét L 1a toan tit vi phan tuyén tinh cap 2 xac
dinh béi

n

Lu = Z i () Uz, + Z bi(x)uy, + c(x)u, (1.1.1)

ij=1
v6i cac hé sb a;j, b;, ¢ 1a cdc ham thuc lien tuc trén Q. Khong mét tinh tong quat, ta
gid st (ai;)1<i j<n 12 ma tran d6i xing. Khi d6 biéu trung chinh (principal symbol) ciia
toan ti L duge xac dinh bdi

n

p(r,§) = Z a;; ()&, v € Q,§ € R™.

i,7=1
V6i f € C(Q) ta xét phuong trinh khong thuan nhat
Lu = f(x) trong €. (1.1.2)

Ham f dudc goi la s6 hang khong thuan nhat ctia phuong trinh. Lay siéu phang

¥ = {z, = 0}. Gia tri clia nghiém u va gia tri cia dao ham theo phap tuyén clia

1
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trén sieu phang ¥ dude cho trong mot lan can ciia goc
w(z',0) = up(z'), ug, (2',0) = ui(x). (1.1.3)

Ta goi X 1 siéu mit ban dau, ug, u; 1a cac gia tri ban dau hay gia tri Cauchy. Bai toan
(1.1.2)-(1.1.3) dugc goi l1a bai toan gia tri ban dau hay bai toan Cauchy.

Gia st nghiém ctia bai toan (1.1.2)-(1.1.3) la nghiém giéi tich  quanh gbc toa do. Khi
d6 ta co thé biéu dién nghiem dudi dang chudi liy thita

u(z) = Z Ao

aezn
Nhu vay dé giai bai todn (1.1.2)-(1.1.3) ta can tim cac hé sO a,, a € Z". N6i cach khac
ta can tinh
Trude hét véi a = 0 ¢6 u(0) = ug(0), ug, (0) = uy(0)
Uy, (0) = upg, (0),0 =1,2,...,n — 1,
va

u:cz:c](o) :uﬂ,zizj(0)7iuj = 172a cee, = 17
Ugiz, (0) =01 4,(0),s=1,2,...,n— 1.

Dé tinh u,, ., (0) ta can dén gid thiét

ann(0) # 0.

Diéu kién nay chinh 1a diéu kién khong dac trung clia sieu mat X tai gbe d6i véi toan
ti L. Khi d6

1
Uz, (0) = — ann(0) ((mz aj(0) gz, (0)+

)#(n.n)

+ 3 bi(0)uz, (0) + c(0)u(0) — f(O)) . (1.1.4)

=1
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Tiép dén cac dao ham cap 3 c6
uacia:jxk (O) :u(),wi:vja:k (0)7 iaja k= 1a 27 cee,— 17
Ugzja, (0) =U12,0,(0), 4,7 =1,2,...,n — 1,
Uz, (0) =03,U,2,(0), i =1,2,...,n— 1.
Chi ¥ réng trong ta c6 thé thay 0 bdi x di gan gde. Dé tinh u,, ., ., (0) ta dao ham
(1.1.2) theo bién x,. Ta sé& khong di chi tiét phan nay. Dén day ta c6 thé hinh dung
rang véi diéu kien a,,(0) # 0 ta c6 thé tinh dugc tat ca cac hé sé a,, néi cach khac ta
tim dugc nghiém giai tich clia bai toan (1.1.2)-(1.1.3).
Mot cach tong quat, ta xét situ mit ¥ duge cho béi {¢ = 0} v6i ham tron ¢ xac dinh
quanh mot lan can ctia gbc véi Vo # 0. Khi d6 mit ¥ c¢6 phap tuyén V. Gid st 2
di qua gbc, nghia 1a ¢(0) = 0. Khong mat tinh tong quat, ta gia st ¢,, (0) # 0. Khi
d6 theo dinh 1y ham an ta c6 thé gidi phuong trinh ¢(z) = 0 béi z,, = ¥(x1, -+ , Ty 1)
quanh mot lan can tai gbc. Xét phép doi bién
Ty = (l’l, Lo, Tp—1, QO(I))
Dat v(y) = u(z(y)) ta c6
Vou =V,yV,yv,
uxiacj :yi (Viv)y:v] + y:vixj : vyv7
trong d6 V,y = (Yk.z,)1<ke<n 12 ma tran Jacobi ctia phép d6i bién, y* 1a chuyén vi ciia

y. Khi do, toan tit L trong hé toa do méi

Lv= Z (Z aijyk,xiy&xj> Vypye T

kf=1 \i,j=1
n n n
—+ E E blyk’,l‘z + 5 afijyk,xixj Uyk + cv.
k=1 i=1 i,7=1

Khi d6 ta chuyén bai toan Cauchy cho Lu = f véi diéu kien Cauchy trén siéu miit
¥ = {¢ = 0} thanh bai toan Cauchy cho Lv = f v6i diéu kien Cauchy trén sieu mit
{yn, = 0}. D& giai bai todn sau ta can hé s6 cia v,,,,

(Vo) (ai)1<ij<n (V) # 0 tai z = 0.

T day ta c6 khai niém miét dac trung va mat khong dac trung cho toan tit L nhu sau.
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Dinh nghia 1.1. Cho toan tit L la toan tit vi phan (1.1.1) quanh mot lan can cla

diém xo € R", va sieu mat ¥ tron quanh diém z,. Ta néi ¥ khong dic trung tai xo néu

p(l’o, V) 7£ 0
trong d6 v 1a phap tuyén clia ¥ tai z. Nguge lai, ta néi ¥ dic trung tai .

Sieu mit dude goi 1a khong dac trung néu né khong dic trung tai moi diém trén
né. Sieu mit dude goi la dac trung néu né dic trung tai moi diém trén no.

C6 thé tinh chat nay bat bién véi C?—phép déi bién. Tit day, néu sé6 hang khong
thuan nhat gidi tich, néu siéu mat 1a giai tich va khong dic trung tai xy doi véi L thi tir
cac diéu kien trén siéu mét gii tich ta tinh dudc tat ca cac dao ham riéng ciia nghiem
tai xo. Tom lai, khi d6 ta tim dugc nghiém giai tich ciia bai toan Cauchy. Day chinh
la mot phan ctia Dinh 1y Cauchy-Kovalevskaya.

Siéu mat dac trung cé ¥ nghia gi? Cau tra loi nhu sau.

V6i Q C R™ va T 1a siéu mat lien tuc chia Q thanh hai nita Q,, Q_. Lay w 1a ham lién
tuc trén Q\ I'. V6i moi zg € I', ham w duge goi 1a ¢6 bude nhay qua I tai diém zo néu
hai gidi han sau

w(r0) = Jim w(z), w,(w0) = lim w(z)
zeEQ_ TEQ L

ton tai. Khi d6 hieu

[wW](w0) = wy () — w-(20)
dugc goi 1a bude nhay ciia w qua I' tai 2. Him w duge goi 1a ¢6 buée nhay trén I' néu
n6 c6 bude nhay tai moi diem tren I' qua I'. Khi d6 ham [w] xac dinh trén T'. C6 thé
thay rang [w] = 0 trén T thi w lién tuc trén T va do d6 lien tuc trén Q.

Két qua dudi day cho ta cau tra 10i vé ¥ nghia clia siéu mit dic trung.
Dinh ly 1.1. Cho Q C R va T la C'—siéu mat chia Q thanh hai nia. Gid si cac hé

80 aij,b;,c va ham f déu lién tuc trong Q con u € C*(Q\T)NCYQ) théa man

Lu = Z AijUsye; + Z biuy, + cu = f trong €.

ij=1 i=1

Néu V?u c6 bude nhdy thuc su qua T’ thi T la siéu mat ddc trung.
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Nhu vay Dinh 1y 1.1 cho ta thay siéu mit dic trung truyen ky di ctia nghiém.
Chaing minh. Tu gia thiét
la;;] = [bi] = [c] =0 va [u] = [uy,] =0 trén I

Khi do6 tit phuong trinh ta ¢6

n

Z ij[Uga;] = 0 trén T (1.1.5)

4,j=1

Goi v 1a trudng véc-to phap tuyén ctia sieu mat I'. Do [u,,] = 0 trén I’ nén
(k- V)[ug,] =0

v6i g 1a truong vée-to tiép xic bat ky ctia I'. N6i cach khac V]u,,] vuong goc véi mét
[' hay
[V?u] = vp"
v6i BT = (B4, .., Bn) 1a ham véc-to tren T
C6 dinh diém zy € T, ¢6 v(x) € R™\ {0}, con ma tran [V2u(z¢)] 1d ma tran ddi xing

khong tam thuong. Khi do
B = cv v6i hang s6 ¢ # 0.

Do d6 [V2u](xg) = cv(xo)vT (z0). Quay tré lai phuong trinh (1.1.5) ta c6

n

> a3 (0) [ta,a, ) (0) = Tr((as(20) )1<ij<nt (o)1 (0)

ij=1
= Y ai(wo)vi(o)v;(xo) = 0
ij=1
hay siéu mat I' dac trung tai x¢. Ta da hoan thanh chiing minh. ]

Tiép theo ta phan loai toan ti vi phan L theo ma tran (a;;)i<i j<,. CO dinh x4 € Q,
ta co6 ma tran (a;;(%o))1<ij<n 1a ma tran déi xing nén n6 c¢6 di n gia tri rieng thuc.

Ta phan loai nhu sau:
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(i) Toan tit L duge goi la elliptic tai zo néu tat cd cic gid tri rieng clia ma tran
(aij(%0))1<ij<n cuing dau, nghia la ching cing duong hodc cing am. Dang chinh

tac clia nod

n
Z Ugz, + F(x,u, Vu).
i=1
(ii) Toan tit L duge goi la hyperbolic tai xp néu ma tran (a;;(zo))1<ij<n €O MOt gid

tri rieng trai dau véi (n — 1) gia tri rieng con lai. Dang chinh t&c clia n6

Ugyzy — Z Uz, + F(x,u, Vu).

=2

(iii) Toan ti L duge goi la parabolic tai 2o néu ma tran (a;(zo))1<ij<n €O MmOt gia tri

rieng bang 0, va (n — 1) gia tri riéng con lai cing dau. Dang chinh tic ctia n6

Z Ugz, + F(x,u, Vu).

=2

Toan ti L dugc goi la elliptic trén toan mién © né né elliptic tai moi diém trong Q.
Mot cach tuong tu v6i hyperbolic va parabolic.
Mot vai cht ¥ vé viéc phan loai:
e Viéc phan loai trén khong phu thuoc vao cich nhin, néi cach khac né bat bién
v6i C?—doi bién.

e Ta con c6 cach dinh nghia tuong duong khéc ve truong hop elliptic, toan tit L 1a

elliptic tai zo néu biéu trung chinh

p(xl)?g) 7£ 075 eR" \ {0}7
hay noéi cach khac moi C'—siéu mat trong © déu la khong dic trung.

e Viéc phan loai chua thuyc st day da vi con céc tinh hudng: hodc tat ca cac gia tri
rieng déu khac khong, nhung khong cuing dau ta goi chung 1a ultra-hyperbolic;
ho#ic ¢6 1t nhat mot va nhiéu nhat (n — 1) gia tri rieng bang 0. Tuy nhién khi s6
chiéu n = 2 thi viéc phan loai nhu vay la day du. Khi do6 ta c6 thé viét lai viec

phan loai mot cach truc tiép hon nhu sau.
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(i) Toan tit L dugc goi 1a elliptic tai xy néu

det((aij(w0))1<ij<2) = an1(wo)azz(wo) — aty(wo) > 0.
(i) Toan tit L duge goi 1a hyperbolic tai 29 néu

det((ai;(x0))1<ij<2) = an1(zo)as (o) — afy(xo) < 0.
(i) Toan tit L duge goi 1a parabolic tai 2 néu

det((aij(x0))1<ij<2) = an1(xo)as (o) — afy(xo) = 0.

Trong phan tiép theo ctia Chuong nay ta nghién citu ba toan tit chinh tuong ting véi
ting loai nay trong R2. Ly do

e bing viéc sit dung phuong trinh dic trung
a1 (drs)? — 2ay9driday + agy(dzy)* =0
ta tim dugc phép doi bién dé chuyén méi loai toan tit vé dang chinh tic ciia né;
e tinh chét ctia toan tit duge thé hieén chit yéu bdi tinh chat ctia phan chinh;

e viéc nghién cttu ba loai nay néi chung la dé hon ca va né cho ta cai nhin ré nét
nhat.

Ta xem sO qua vai nét vé cac toan tit nay trong R2.

Toan tit dau tién 13 toan tit Laplace A dude dinh nghia bdi
AU = Uy, gy + Usyay-
Toan tit Laplace 1a toan t1 elliptic trong R?. Khi chuyén sang hé toa do cuc
r1 =1rcosf, xo =rsinb,

toan ti Laplace c6 dang

1 1
Au = Uy + —u, + — Ugo-
r r
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Phuong trinh
Au=f

dugce goi la phuong trinh Poisson. Dac biét khi f = 0 ta goi n6 1a phuong trinh Laplace,
nghiém ctia n6 1a ham diéu hoa. Day 14 mdi ndi quan trong gitta giai tich thic, phuong
trinh dao ham riéng véi gidi tich phtc vi ham chinh hinh ¢6 ca phan thyc va phan 4o
déu 1a ham diéu hoa. Mot trong cidc nghiém quan trong cia ham diéu hoa la ham diéu
hoa da thitc thuan nhat dudc lay ra tit cach tach phan thiyc va phan 4o ctia don thiic
2.

Mac du toan tit Laplace chi c6 cac dusng khong dic trung, nghia la theo Dinh 1y
Cauchy-Kovalevskaya bai toan Cauchy véi dieu kién Cauchy giai tich trén duong cong
giai tich thi phuong trinh Laplace c6 duy nhat nghiem giai tich, nhung né van cé thé
khong dat chinh. Tinh d&t chinh, theo Hadamard, cho mdi bai toan (gom phuong trinh

va cac diéu kien bien hay diéu kién ban dau hay ca hai) gom c6
e bai toan phai c6 nghiém,
e bai toan chi c6 ding moét nghiém,
e nghiém ctia bai toan phu thuoc lién tuc vao cac dieu kien.

V6i bai toan Cauchy cho phuong trinh Laplace thi tinh phu thuoc lién tuc vao diéu
kién bién c6 thé bi phé ve.

Vi duy 1.1. Xét phuong trinh Laplace trong R?
Ugg + Uyy = 0 trong R?
v6i dieu kien Cauchy dat tren {y = 0}. V6i mdi s6 ty nhién k& xét ham diéu hoa

1
ug(x,y) = % sin(kz)e™

o |Vuy(x,y)| = e*¥ nen

lim |||Vug(-, 0)|]|z~ = 1.
k—o0
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e lim ||ug||r~ = 0 nhung
k—oo

k—o0

Toan t1t tiép theo 1a toan tit song O xac dinh bdi
Du =ty — Uge.

Toan ti séng 1a toan tit hyperbolic trong R?. Ly do né dude goi la toan ti song vi
phuong trinh truyén séng
Ou =0

mo ta dao dong clia mot sgi day hay séng am truyen trong 6ng nhé. Khac véi toan
tit Laplace khong c6 duong dac trung nao, toan tit song c6 hai ho duong dac trung
r+t = C. Khong khé dé tich phan phuong trinh truyén séong khi chuyén vé dang chinh
tac

ugy =0
bing phép doi bién ¢ = 2 —t,n = = +t. Khi dé ta thu duge nghiem duge nghiem tong
quat ctia phuong trinh truyén séng

u(z,t) = Flx —t) + G(x + t).

Tit day c6 thé thay su k¥ di clia nghiém tai thoi diem ¢ = 0 xuat hién khi F(z), G(x)
bi 161 sé dudc truyen di doc theo cac duong dic trung di qua cac diém 15i tai thoi diém
ban dau. Ngoai ra ta ciing thay hién tugng lan truyén véi téc do hitu han ctia nghiem
ctia phuong trinh truyén séng

Ngoai ra, khac vdi toan tit Laplace, bai toan gia tri ban dau cho phuong trinh truyéen
song lai dat chinh trong khoang thoi gian hitu han, nghia 1a

e véi cac dieu kién ban dau
u(+,0) = ug, w(+,0) =uy
chap nhan dugc bai toan Cauchy c6 duy nhat nghiém,

e nghiém nay phu thuoc lien tuc vao diéu kién ban dau trong khodng thoi gian hitu

han,
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e 16 c6 thé khong con phu thudc lien tuc vao diéu kien ban dau khi thoi gian troi

ra vo han.
Vi duy 1.2. Xét phuong trinh truyén séng trong R?
Uy — Uy = 0 trong R?
v6i dieu kien Cauchy dat trén {t = 0}. V6i mdi s6 tu nhién k xét ham séng

1
ug(z,t) = —e ekt
Tu day khong kho dé thay tinh on dinh trong thoi gian hitu han, khong on dinh khi

thoi gian troi ra vo han.

Cudi cuing ta xét toan tit nhiet trong R? dude cho béi
Lu = u; — gy

Toéan tt nhiét thudc loai parabolic. N6 mo ta nhiét do trong mot thanh cach nhiét véi
moi truong. Khac véi toan tit truyen song c6 diéu kien ban dau dat tren duong {t = 0}
la duong khong dic trung, duong ban dau {t = 0} v6i phuong trinh truyén nhiét lai 1
dudng dac trung. Néu diéu kien ban dau giai tich gan gbc, ta c6 thé dung né dé tinh

tat ca cac dao ham riéng clia nghiém ctia phuong trinh truyén nhiét
Ut — Ugy = 0

tai gbc. Tuy nhién diéu kién ban dau khong xéc dinh mot cich duy nhat nghiém trong
khong gian cdc ham tron. Ta sé thay diéu nay 6 vi du ctia Tikhonov. Ngoai ra viéc xac
dinh nghiém khi ¢ > 0 khong don gian tit viéc biét gia tri tai thoi diém ban dau trong
mot 1an can clia goc ma con can dén tat ci cac gia tri ban dau khac. Tinh chat nay
dugc hiéu nhu téc do lan truyén vo han ctia toan ti truyen nhiet. Diém nay lai 1a mot
tinh chat khéac so véi phuong trinh truyén séng.

Tiép theo ta ban vé xuat st vat 1y clia cac toan tit Laplace, toan tit song va toan
tir nhiét trong khong gian R™.
Ta bat dau vé6i toan tit Laplace. Nghiém u ctia phuong trinh Laplace thuong 1a ham

mat do ctia mot dung dich, hay ham nhiét do trong moi truong & trang thai can bang
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(equilibrium), nghia 1 né khong con thay ddi theo thsi gian nita. Khi d6 dong F ctia
dung dich, hay dong nhiét qua bat k¥ mot mit kin nao ciing bang 0, nghia 1a

/ F-vdS=0
Bre%

v6i bat ky mién Q' nao trong mién khong gian dang xét ), v 13 phap tuyén ngoai don

vi cua mat 0€2'. T cong thic dang DIV ta ¢6
/ divFdx =0

hay div F' = 0 trong €. Lai do tinh chat ctia dong dung dich, hay dong nhiét dich

chuyén tit viing c6 mat do cao dén ndi c6 mat do thap nen thudng ta co
F = —aVu, véi a 1a hing so.
Tu d6 dan dén ham mat do 1a nghiém ctia phuong trinh Laplace
div(—aVu) = —aAu = 0 trong €.
Biéu trung chinh ctia toan ti Laplace

p(€) = lg]*, £ e R™

Diéu thii vi toan tit Laplace bat bién déi véi phép déi toa do truc giao.
Truong hop nhiét do u thay doi theo thoi gian thi tong dong nhiét qua mit kin va sy

thay doi nhiét trong mién mit d6 bao quanh dé bing 0, nghia la
d
F-vdS+ — [ udx =0
aQ/ dt Q/

v6i bat ky mién Q' nao trong mién khong gian dang xét Q, v 13 phap tuyén ngoai don
vi clia mit 0. Tuong ty trén ta c6 ham nhiét do 1a nghiém ctia phuong trinh truyén
nhiét

up = alAu trong Q x (0,7).

Biéu trung chinh clia toan ti nhiét

p(&,7) = _a‘ﬂQ,f e R". 7 €R.
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Sieu mat {¢(x,t) = 0} la khong dac trung khi va chi khi

—|V.* # 0 tai moi diém trén sieu mat do.
C6 thé thay sieu phang ban dau {t = 0} 1a siéu mat dac trung ctia toan ti nhiét.
V6i toan tit séng O, thi nghiém u clia phuong trinh truyén séng mo ta sy dao dong
quanh vi tri can bang ctia mot sgi day khi n = 1, mot mang rung khi n = 2, clia cac
hat trong khong khi khi n = 3. Khi d6 theo Dinh luat Newton, tich ctia khéi lugng va
gia toc bang lyc tac dong, nghia la

d2
- ud:v:—/ F-vdsS,
dt Q/ 89/

vl F' 1a lye tac dong len €' qua mét €. Trong mién dan hoi (elastic) lyc F ty 1 voi
—Vu, nghia la
F=—aVu.

Khi do, tit cong thiic dang DIV ta dan dén ham bién do v 14 nghiém ciia phuong trinh
truyen song

uy = —alAu trong Q x (0,7).

Biéu trung chinh ctia toan ti truyén song
p(&,7) =12 —al¢)?, ¢ €R™, T €R.
Sieu mat {¢(x,t) = 0} khong dac trung khi va chi khi
©? — a|V,|* # 0 tai moi diém trén siéu mat do.
Qua méi diém (x¢,to) c6 mat nén dic trung

alr — x> = (t —to)*.

1.2 Danh gia nang luong

Trong muc nay ta xét  C R” 13 mién bi chan vé6i bien 09 thuoc 16p C*. Trén bien
O c6 truong véc-to phap tuyén ngoai don vi v. Khi d6 ta c6 cong thitic dang DIV

/divF(az)da::/ F-vdS
Q G)
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voi F = (f1,...,fn) : @ = R" 1a trudng véc-to thuoc 16p C1(Q) N C(Q), va div F =
k=1

1.2.1 Phuong trinh Laplace
Xét bai toan bién Dirichlet
Au = f trong 2, (1.2.1)
u = ¢ trén OS. (1.2.2)

Xét tich phan nang lugng
1
E(u) = —/ |Vu(z)|*dw
2 Ja

Gid st up, up € C2(Q)NCY(Q) 1a hai nghiém ctia bai toan (1.2.1)-(1.2.2). Dat u = u; —us
thi « théa man bai toan (1.2.1)-(1.2.2) véi f =0, = 0.
Ap dung cong thiic dang DIV cho truong F = uVu

/div(uVu)d:L' :/ (uVu) - vdS.
Q o)
Ma

e div(uVu) = uAu + |Vu|* = |Vu|? trong Q,

e (uVu) - v =ud,u=0 trén 0

nén E(u) = 0. Khi dé khong khé dé chi ra u = 0 hay bai toan (1.2.1)-(1.2.2) ¢6 duy
nhit nghiem trong C%(Q) N C((Q).
Bang cach tuong tu ta chitng minh duge danh gia sau:

Meénh dé 1.2. Gid st u € C*(Q) N CHQ) la nghiem ciia bai todn (1.2.1)-(1.2.2) vdi
fe€C(Q) con o =0. Khi dé ta cé dinh gid

2B(u) < ||fllzelul] -
Chiing minh. Tuong ti nhu chitng minh tinh duy nhat & trén va

o div(uVu) = uAu + |[Vul* = uf + [Vu|? trong Q,
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o (uVu) - v =ud,u =0 trén 0N

ta co

2E(u) = —/Qu(x)f(x)dx

St dung bat dang thitc Cauchy-Schwarz ta cé di¢u phai chitng minh. O
Dé c6 ude lugng tien nghiem ta can dén bat dang thiic Poincare sau:

Dinh Iy 1.3 (Bit déang thiic Poincare). Cho u € C*(Q) ma u = 0 trén Q. Khi dé

|ullr2 < C[|Vul|r2
trong dé hang s6 C' chi phu thuoc n, d(Q) = sup{|z —y| : =,y € Q} duong kinh cia Q.

Chitng minh. Bang cach dich chuyén ta c6 thé gia sit  chita gbc toa do.
Ap dung cong thitc dang DIV cho trudng F = u?(x)z ta duge

/div(uQ(x)a:)da: :/ u?(x)(z - v)dS.
Q o0
Ma

o div(u?(z)z) = nu?(x) + 2u(z)(x - Vu(z)) trong €,

e u*(z)(z-v) =0 trén 0N
nén

n/ u?(z)dr = —2/ u(z)(z - Vu(z))dz.
Q Q

Ap dung bat ding thic Cauchy-Schwarz

o |z Vu(z)| <] [Vu(z)]

o Jolu(@) - [Vu(x)lde < [Jullz2][Vul|L

va |z| < d(Q) (do Q chiia gbe toa do) ta co

/Q (@) (@ - Va(z))dz| < d() /Q u(z)]| - |Vau(z)|de
< d()]|ul|z2|[Vul[ 2.

T day khong kho dé c¢6 bat dang thiic Poincare. O
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St dung bat dang thitc Poincare va Ménh dé 1.2 ta c¢6 wéc lugng tién nghiém sau:
Dinh ly 1.4. Cho u € C*(Q)NCY(Q) théa man cdc gid thiét ciia Ménh dé 1.2. Khi do
ullrz +[IVul[2 < Tl ]2

trong dé hang s6 C' chi phu thuoc n, d(S).
Tt wée luong tien nghiém trén ta dan dén:
e tinh duy nhat nghiém nhu 6 phan dau,

e tinh on dinh ctia bai todn (1.2.1)-(1.2.2) khi f € C(Q),¢ = 0.

1.2.2 Phuong trinh truyén nhiét

Xét bai toan bién hon hop

uy — Au = f trong Q x (0, 00), (1.2.3)
u(z,t) = uo(x) trén Q x {0}, (1.2.4)
u(z,t) = @ trén 0N x [0, 00). (1.2.5)

Bang cach dung tich phan ning luong
B(t) = / V(2 1) dx
Q

va cong thitc dang DIV ta c6 thé dan dén tinh duy nhat nghiém ctia bai toan (1.2.3)-
(1.2.5). Cong viéc nay xem nhu bai tap nhé. Duéi day ta sé chiing minh wéc lugng tién
nghiém cho bai todn (1.2.3)-(1.2.5) khi f € C(Q x [0,00)),up € C(Q),p = 0. Cu thé

nhu sau

Dinh Iy 1.5. Gid st u € C%(Q x (0,00)) N CYQ x [0,00)) la nghiém ciia bai todn
(1.2.3)-(1.2.5) vdi f € C( x [0,00)),up € C(Q),p = 0. Khi dé

t
e, 8)llze < [fuollz + / £ 8)lleds, > 0.
0
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Chiing minh. Dat
J(t) = EY2(t)

ta co

o J(t) = ||u(-,t)||rz, J(0) = ||uo||z2 nén uSc lugng tien nghiem can ching minh

J(t) - J(0) < / £ 5)||z2ds

J(0)I(1) = %% /Q W2(z, ) da.

V6i moi ¢t > 0, st dung cong thic dang DIV cho trusng
F =u(z,t)V,u(z,t)

ta dugce

/div(u(w,t)vmu(m,t))da: :/ u(z, t)(Vyu(z,t) - v)dsS.
Q

20
Lai c6 u la nghiém ctia bai toan nén
o div(uV,u) = %(UQ)t —u(uy — Au) + |Vul? = %(uQ)t + |Voul? — uf,
o u(x,t)(Vu(z,t)-v) =0 trén 092 x [0, 00).
Do dé
J(8)J(t) = /Q V(e £)2dz — /Q (e, ) f (x, £)dt.

Lai diing bat dang thic Cauchy-Schwarz ta thu dugc
') J() < JOIFC O, t = 0.

Chu y J(t) > 0,t > 0, nén néu tai t; > 0 c6 J(tg) = 0 thi J'(tx) = 0. Do d6 tur bat
déng thiec trén ta co

J'(t) < 1f (D)l t > 0.

Tit day khong khé dé cé uée lugng tien nghiem can ching minh. ]
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1.2.3 Phuong trinh truyén séng

Xét bai toan bién hon hop

uy — Au = f trong Q x (0, 00), (1.2.6)
u(z,0) = ug(x), us(x,t) = uy(x) trén Q x {0}, (1.2.7)
u(z,t) = ¢ trén 002 x [0, 00). (1.2.8)

Bang cach dung tich phan nang luong
E(t) = /(uf(x,t) | Vaulz, O)2)dz
0

va cong thitc dang DIV ta c6 thé dan dén tinh duy nhat nghiém ctia bai toan (1.2.6)-
(1.2.8). Cong viéc nay xem nhu bai tap nhd. Dudi day ta sé ching minh wde lugng
tien nghiem cho bai toan (1.2.6)-(1.2.8) khi f € C(2 x [0,00)),up € C3(Q),u; € C(Q),
¢ = 0. Cu thé nhu sau

Dinh 1y 1.6. Gid situ € C*(Q x (0,00)) N CYQ x [0,00)) la nghiém ciia bai todn
(1.2.6)-(1.2.8) vdi f € C( x [0,00)),up € C*(Q),u; € C(Q), ¢ =0. Khi dé

(e Oz + Vol 8)][22) < (]2 + [[Vauoll12)' +

t
= [ znds.t = 0 (1.29)
0
Va4

(-, Ollz < ol 22 + ¢ ([full 22 + || Vauol|22)"7* +

= [ =9l ollds. e >0 (12.10)

Ching minh. Khong kho dé thay udc luong (1.2.10) duge suy 1s tit (1.2.9) biang cach
lay tich phan. Dé chitng minh (1.2.9), tuong tu uéc lugng cho phuong trinh truyén
nhiét, ta xét

J(t) = EY2(t)

co
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e nén u6e luong tien nghiém can chiing minh
t
90 =30 < [ 11£C5)1nds
0

e E(t) = J*(t) nén

T8 J(F) = %% /Q (22, 1) + [V oulz, 1)) de.

V6i moi ¢ > 0, sit dung cong thitc dang DIV cho truong
F =w(z,t)Vu(z, t)
ta dudce
/div(ut(x,t)vxu(a:,t))d:v :/ u(z, 1) (Vou(z, t) - v)dsS.
Q o0
Lai ¢6 u la nghiém cua bai toan nén
- L s 2
o div(u;V,u) = E(ut + | Vaul®)e — uef,

o u(z,t)(Vu(z,t)-v) =0 trén 02 x [0, 00).

Do do
T(0)J() = — /Q g, ) f (2, )dt.

Lai diing bat dang thic Cauchy-Schwarz ta thu dugce
') J() < JOIFC O, t = 0.

Chu y J(t) > 0,t > 0, nén néu tai t; > 0 c6 J(tg) = 0 thi J'(tn) = 0. Do d6 tur bat
déng thic trén ta co

J'(E) < 1f Dl > 0.

Tit day khong khé dé cé uée lugng tien nghiém can ching minh. ]
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1.3 Phuong phap tach bién

1.3.1 Bai toan bién Dirichlet

Trong muc nay ta quan tam dén bai toan bién Dirichlet cho phuong trinh Laplace
trong hinh tron va hinh vuong. Trude hét ta quan tam dén bai todn trong hinh vuong

cho phuong trinh Laplace
Ugy + Uy = 0 trong (0,m) x (0,7),
v6i dieu kién bién dat trén bén canh

u(z,0) = @o(x), u(x,m) =p1(x) khi 0 < x <, (1.3.1)
u(0,y) = Yo(y), u(m,y) =t (y) khi 0 <y < . (1.3.2)

Dé duing phuong phap tach bién, ta tach bai toan trén thanh hai bai toan nhé:
Bai toan 1
Auy = 0 trong (0,7) x (0, 7),

v6i dieu kién bién

uy(z,0) =0, uy(z,7) =0khi 0 <z <m, (1.3.3)
u1(0,y) = tho(y),ua(m,y) =t (y) khi 0 <y <. (1.3.4)

Bai toan 2

Aug = 0 trong (0,7) x (0,7),
v6i dieu kién bién

ug(z,0) = @o(x), ug(z,m) =p1(x) khi 0 <z <, (1.3.5)
u2(0,y) = 0,us(m,y) =0 khi 0 <y < . (1.3.6)

C6 thé thay ngay nghiém ctia bai toan véi diéu kién bien (1.3.1)-(1.3.2)

U = U] + Ua.
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Ta di van tit viec diing tach bién gidi Bai toan 1:
Dau tién ta tim cac nghiém tach bién khong tam thudng u; = XY ciia phuong trinh

Laplace va diéu kién bién (1.3.3). Ta dan dén bai toan gia tri rieng Sturm-Liouville
Y+ AY =0 trong (0, 7)

véi didu kien bien Y'(0) = Y (r) = 0.
Ta c6 céac gid tri rieng A = k? va ham riéng Y (x) = sin(kx) tuong tng véi k = 1,2, . ...
Lai c6 day cac ham rieng chuan héa
1
ﬁ SiIl(k?y), k= 1, 2, .

1 co s tryc chuan ciia khong gian
Lg=A{f € *(=m,m): flé}.
Khi d6 v6i méi ham 1& f € L?(—m, ) ta c6 khai trién

N
ﬁ Z fesin(ky) = f trong L?
k=1

V6l

fo= % /0 " f(y) sin(ky)dy

S 2= 2/ﬂ )y
k=1 0

Quay trd lai viec tim nghiém tach bién, v6i méi k& € N ta c6 nghiém tach bién uy, =

Hon nita

X! - kX, =0.

Ta sé tim nghiém ctia Bai toan 1 dudi dang chudi
uy(z,y) \/_Z are " 4+ b sin(ky). (1.3.7)

T diéu kién bien con lai (1.3.4) ta c6 he

ay + be F" = ) sin(ky)dy,

ffo
—

are *" + by, = ) sin(ky)dy.
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Giai hé ta dugce

2 L ,
== [, (" 0(0) 1 () sk
bk :\/7—T<ekﬂ-2_ e,kw) /0 (ekﬂ—¢1(y) - ¢0(y)) Sln(ky)dy

Nghiém tim dugc & trén ciia Bai toan 1 dugce hiéu theo nghia sau.

21

(1.3.8)

(1.3.9)

Bo dé 1.7. Gid sit o,y € L*(0,7) v uy duwoc cho bdi (1.3.7)-(1.3.9). Khi dé uy tron

trong (0,7) x [0, 7] va théa man
Ay =0 trong (0,m) x [0, 7]
ciing nhu dieu kién bién
u(2,0) =uy(x,m) =0 khi 0 < z < .
Vi hai diéu kién bién con lai dudc théa man theo cdch sau
lim fua (@, -) = o[ 2 =0,
lim ||U1(l’, ) — 1/}1||L2 =0.
T—T

Chatng minh. Truée hét tit dinh nghia ctia cac hé sd ay, by, ta co

o

Z(ak + bre )2 :2/ V3 (x)dw,
k=1 0
(are™ 4 by,)? :2/ Vi (z)dx.
k=1 0
Do 2k 2
l—e™m 1—e "
> khi k=1,2,...
14+ e—2kr — 1 + 27 1 ’ ’
nén

o o
Zai < —l—oo,Zbi < +00.
k=1 k=1

Lay € € (0,7/2) bat ky. Ta sé ching minh cac chudi
Zakk:me_kx sin(ky +4n/2), m=0,1,....,0=0,1,...,
k=1

Zbkkmek(z’“) sin(ky +¢n/2), m=0,1,....,0=0,1,...,
k=1

(1.3.10)

(1.3.11)

(1.3.12)

(1.3.13)

(1.3.14)
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hoi tu tuyet déi déu theo (x,y) trong [e,m — €] x [0,7]. Tt day ta c6 ngay u; ¢ cac
dao ham riéng moi cap va ching déu la ham lién tuc, xac dinh bdi

o

8;1485%(95, y) = Z((—l)m’eake’kx + beeF @ kM sin(ky + (7/2),

k=1
m=20,1,....4=0,1,...,m.

Do d6 wy tron trong [¢,m — €] x [0, 7] va théa méan phuong trinh
Auy = 0 trong [e,m — €] x [0, 7],
cling nhu diéu kién bién
ur(z,0) =u(x,m) =0khie<z <7m—e

Diéu nay xay ra v6i moi € € (0,7/2). Ta chi con phai ching minh hai diéu kién bién
con lai va sy hoi tu déu cia cac chudi (1.3.13)-(1.3.14).
T (1.3.12) ta 6 hai day {ax}72,, {bx}22; bi chan. Lai do chudi s6 duong

Z Ememk < 400

k=1
nén theo Dinh Iy Weierstrass ta ¢6 céc chudi (1.3.13)-(1.3.14) hoi tu déu trong [e, 7 —
€] x [0, 7].
Viéc chitng minh hai diéu kién bién con lai tuong tut nhau nén ta chitng minh mot cai.

Tit két qua vita chitng minh va gia thiét 1y € L*(0,7) ta c6

M8

uy(z,y) =) (ape™ + bpe?® ™) sin(ky) trong L2(0,7),z € (6,7 — €),
k=1
Uo(y) = Z(ak + bye ™) sin(ky) trong L*(0, ).

e
Il
—

Do d6 diéu phai chitng minh chuyén thanh

. - —kx —km kx 2
xliglJr 2 (ap(1 — ") + bre™(1 — ™))" = 0.
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Dé chitng minh diéu nay ta chitng minh

liI(I)1+ Zai(l — e F)2 =,
xlg(l)le ZbQ —2k7r( . ekw)Q —0.
k=1

Lay 6 > 0. Véi z € [0, 7] ¢6
(1 _ e—k:r)? S 1,6_2k7r<1 _ e—kz)Q S 1

nén tir (1.3.12) ¢6 ng € N dit 16n dé véi moi x € (0,7) c6

D ap(l—e)? < 6/2,
k=ng
Z b2 72k7r< . ekm)2 < 5/2
k=ng
Lai do lim e**® =1,k =1,2,...,n9, nén c6 §; > 0 sao cho v6i z € (0,;) c6

z—0t

Zak e k)2 < §/2,
no

Zbie_%”(l — e < §)2.

k=1

T trén ta ¢6 (1.3.15)-(1.3.16). Ta da hoan thanh chiing minh.
Khong kho dé thay
lim |[ui(+, y)|[z2 =0, lim_jur(-,y)|[r2 = 0.
y—0t y—7
Khi d6 bang cach giai tuong ti trén cho Bai toan 2 ta c6 nghiém

(cke_ky + dpe?v=)) sin(kx),

ﬁMg

u2($ay) = T

v6i

k= ek“ g / ¢1(x)) sin(kz)dz,
e’€ e

T _ e—kw /

dp = o(x)) sin(kx)dx.

23

(1.3.15)

(1.3.16)
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Nghiém nay ciing théa man Bai toan 2 theo cach tuong ty Bo dé 1.7. Tt B6 deé 1.7,
nghiém u = u; + up clia phuong trinh Laplace v6i diéu kién bién (1.3.1)-(1.3.2) thoa

man theo cach sau.

Dinh 1y 1.8. Cho cdc ham @y, @1, %o, V1 thude L?(0, 7). Khi dé nghiém u = uy +us la
ham tron trong (0,7) x (0,7) va théa man phuong trinh Laplace trong (0,7) x (0, ).

Hon nia né théa man diéu kién bién theo cich sau

lim ||u(z, ) — Yol|r2 =0, im ||u(z,-) — 1]z =0, (1.3.17)
z—0t =TT

lim |Ju(-,y) = ¢ollz2 =0, lim [[u(-,y) — ¢1[z2 = 0. (1.3.18)
y—0t y—7

Phan tiép theo ta xem khi ndo nghiém trong Dinh 1y 1.8 lién tuc dén tan bien.
C6 thé thay ngay ring mudn nghiém lién tuc dén tan bién thi diéu kién bién lién tuc,

nghia & cdc ham g, @1, Vo, 11 thuoc C[0, 7] va théa man diéu kién tuong thich
©0(0) = 1ho(0), 1 () = (),

po(m) = 11(0),1(0) = o (7).

Duéi day ta sé chi ra rang cac diéu kién trén la céc diéu kien di dé nghiém trong Dinh
ly 1.8 lién tuc dén tan bién, nghia la trong (1.3.21)-(1.3.22) thay L? béi L. Tuy nhién
ta can thém mot bude trude khi tach thanh hai bai toan 1 va 2: khit bon dinh. Viéc
khit bon dinh nham 13 diéu kién bién ctia cac bai toan 1 va 2 van con lién tuc, néi cach

khac néu ban dau chua cé

©0(0) = po(m) = o(m) = thi(m) =0

ma tach ngay nhu trén thi hai bai toan 1 va 2 khong théa man diéu kién tuong thich.
Ltc nay nghiem tim duge sé xuét hien hién tugng Gibb, cu thé néi chung ching khong
thoa man diéu kién bién tai bén dinh.

Vay khit nhu nao? Ta dung ham

v(z,y) = G(JEQ —y2) + bxy 4+ cx +dy +e
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véi cac hang s6 a, b, ¢, d, e thda méan he

(

v(0,0) = e = p(0),

0
0 —m?a+ wd + e = Yo(m),

<

E

(=)

<

)
)= nla+mc+e= po(m),

)

Bing cach dit w = u — v, dé don gian nhung khong méat tinh téng quat ta gia st

3

(
(
(m,
(

v(, 72b 4+ e+ wd + e = 9y ().

\

©1(0) = ¢1(m) =0,
0.

Lic nay ta c6 thé coi ¢g, 1,0, 1a cac ham lién tuc, 1é, tuan hoan chu ky 27 trén

toan truc s6. Khi do ta viét lai

(are™ + bre" @) sin(ky) =

_ 2sin(ky) " e[ RT o () b (2
- ﬁ(ek”—e—’”)/o ( [ wo( ) ¢1( )]+

+ MRy (2) — abo(2)]) sin(kz)dz

e—k:c s
= [ bl costhty - N+
- ) z) — e "y (2)) cos(k(y — z))dz
R — e /W(%( ) to(z)) cos(k(y ,

Lai c¢6

o |7 (Wn(2) — e Fmy(2)) cos(k(y — z))dz) <Mk=1,2,...,vi ¢, € C[0,7];
s
S22 .
= ekﬂ' _ e—kw o0,
o lim (ef* —e ) =0,k =1,2,....
r—0t
Do dé6
0 ekz —e ke P h
Jim s 3\ [ 1) = o)) costily — 2))dz| =0



2 CHUONG 1. NHAC LAI PHUONG TRINH DAO HAM RIENG CAP 2

Dé di tiép ta quan tam dén nhan Poisson

1—172

P, = )
(2) 1 — 2rcos(z) + r?

0<r<l,ze(—mmn).
Mot vai tinh chat ciia nhan Poisson:

1_2
¢ 0< P(2) < !

S (e ST bEE (—,m) nén véi § € (0, 7) ta cd

lim P,.(z)dz = 0.
=17 Js<|z|<n
o [7 P.(2)dz=2m.
T tinh chat nay khong kho dan dén bo dé sau:

Bo dé 1.9. Cho ¢ € C(R), tuan hoan chu ky 2x. Khi dé
1 ™
lim  sup (—/ Py — 2)p(z)dz — w(y)> =0.
r=17 ye[—m,n] 2m —r

Stt dung Bo dé 1.9 véi chi y lay r = e va

o0

1 1
3 + ;rk cos(kz) = §Pr(z)

cting nhu tinh 1é ctia ¢y ta c6

lim sup [ui(z,y) — Yo(y)| = 0.

2=0% ye(0,r]
Tt day ta c6 két qua sau:

Dinh 1y 1.10. Cho vy, 1,0, %1 € C[0, 7| théa man diéu kién

©0(0) = @o(m) ©1(0) = pu(m)

%(0) 1?0(77) (0 (0) = wl(ﬂ)

Khi dé nghiém u = uy + us thuoc vao C*(0,m) x (0,7) NC([0, 7] x [0, 7]) va thda man
phuong trinh Laplace trong (0,7) x (0, 7). Hon nia

0,
0.

0,
0,

lim [Ju(z,-) = Yol[re =0, lim [Ju(z,-) — 1|~ =0,
z—0t T

lim [u(-,y) = @olz= =0, lim [[u(,y) = @1[[z= = 0.
y—0+ y—T
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Chitng minh. Qua cac budc trén, viéc con lai ta chi can phai ching minh:
Hm [|ui (-, y)|[re =0, lim juy (2, ) — ]|z~ = 0.
y—0t =T

Viéc chiing minh

m [uy(z,-) = 1|[Le =0
T—T

tuong tu nhu viéc chiing minh
lim ||ug(zx, ) —ol|pe =0
z—0t

& tréen véi viec thay doi cach viét

(are™ " 4 bpef ™) sin(ky) =
_ 2 Sln(ky) " e—ka} elmr ) — >
- [ ) —
+ eFE=m ek (2) — wo(z)]) sin(kz)dz

ek(ac—Tr) T
Jr /_7r P1(2) cos(k(y — 2))dz+

ek(w—x) _ ek(x—w)

VAT — )

™

/(%(Z) — e "y (2)) cos(k(y — 2))dz.

—T

_|_

Dé chitng minh

1' . o :0
Jimn ()l

truée hét ta ding

lim |[us(z, ) — ¢l = 0,
T—mT
lim{[us(a,) = ol [ = 0.

Cu thé, v6i § > 0 bat ky c6 € € (0,7/2) sao cho

sup |u1(l‘7y) - ¢1(y)| < 5/2>*T € [07 6],
y€[0,m]

sup |ui(x,y) — o(y)| < /2,2 € [m — €, 7.
y€[0,7]
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Lai do lim ;(y) = 0,7 = 0,1, nén c¢6 §; > 0 dé

y—0+
[Wi(y)| <0/2,i=0,1,y €10,01].
Nhu vay véi z € [0,¢€],y € [0, 1] c6
|ui(z, y)| < 0.
Dung B6 dé 1.7, véi € > 0 ¢6 d, > 0 sao cho
lur (z,9)| < 6, (x,y) € [e,m — €] x [0, ).
Lay 8p = min{dy,d2} ta c6 diéu phai ching minh. O

Van dé tiép theo, ta quan tam dén viéc khi nao nghiém trong Dinh 1y 1.8 tron dén
tan bien. Di nhién lic d6 g, @1, %0, 11 phai thuoe vao C*°[0, 71]. Tuy nhien dicu kien
tuong thich khong don gidn 1a ndi lién tuc tai bon dinh ma né con thém diéu kién thoa

méan phuong trinh tai bén dinh, nghia 1a véi £ € Z, c6
2 20 2 20
et (0) = (=14 (0), ¢ (m) = (=)' (0),

P2(0) = (~1)%F (1), o (x) = (1) ().

Ta khong di sau vao viéc nay ma chi dua ra két qua sau:

Dinh ly 1.11. Cho g, 1,0, ¢ € C°[0, 7] théa man dieu kién, vdi l € 7,

28(0) = 7 (m) = 0, p(0) = () = 0,
457(0) = 0§ (x) = 0, 4(0) = ¥ (m) = 0.

Khi d6 nghiém u = uy +us thuoc vao C*®[0, 7] x [0, 7] va théa man phuong trinh Laplace
trong [0, 7] x [0, 7]. Hon nia

lim [Ju(x,-) = Yol[re =0, lim [Ju(z,-) — 1|~ =0,
z—0t T

lim [u(-,y) = @ol[z= =0, lim [[u(,y) = @1[[L= = 0.
y—0+ y—T
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Dé chitng minh két qua trén ta cht y rang, v6i diéu kien tuong thich thac trién 1é,
tuan hoan chu k¥ 27 ctia cac ham ;,v;, 1 = 0, 1, déu & cadc ham kha vi vo han, tuan

hoan chu k¥ 27 trén toan duong thing. Lic dé

lim k:m/ wo(x)dxr =0,m € Z,.
0

k—o0

Truée khi chuyén sang bai toan trong hinh tron, cdc ban thit nghi xem néu doi diéu
kien bién Dirichlet (1.3.1)-(1.3.2) thanh diéu kién bién Neumann thi diéu gi xdy ra?

Ta can stta lai nhu nao?

Ta chuyén sang bai toan bién Dirichlet cho phuong trinh Laplace trong hinh tron
don vi B;. Trudc hét ta chuyén sang hé toa do cuc

xr=rcosf,y =rsinf

c6 By = {(r,0) : 0<r < 1,0 € R} va ham v(r,0) = u(rcosf,rsinf) 1la ham tuan

hoan chu ky 27, va thoa man phuong trinh Laplace

1 1
Au = v, + —v, + —vgo = 0.
r r

Ta so qua phuong phap tach bién. Ta tim cac nghiém v = R(r)®(#) clia phuong trinh

Laplace. Khi do ta c¢6 bai toan gia tri riéeng Sturm-Liouville
"+ AP =0

v6i dieu kien bién tuan hoan. N6 c6 cac gia tri rieng A = k2, k = 0,1,..., va ham riéng

tuong ting
e v6i k=0 c6 &y = ay,
e vii k=1,2,..., c6 ®) = ay, cos(kB) + by, sin(k6).
Lai c6 day cac ham rieng chuan héa
1 1

1
——,——cos(kf), —sin(kf), k= 1,2, ...,
o /T ( )ﬁ (k6)
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1a co s tryc chuan cta L2(S'). Khi d6 véi méi f € L2(S) ta co

1 1 «
f \/_ Nz kz:; ay, cos(kl) + by sin(k6)) trong L*(S"),
vOi
ap = \/ﬁ - f( )
1 1
_ _ ' —1,2,....
ay ﬁ/sl f(0) cos(k0)do, by NG Slf(@) sin(k6)do, k = 1,2,
Hon ntta -
ag+ Y (ap +b}) = 3 F2()do.
k=1

Quay tr6 lai gidi nghiem tach bién, ta c6

e vii k=0 c6 Ry(r) =co+dylnr,

o v6ik=1,2,... c6 Ri(r) = cpr® + dpr™"
Lai cht ¥ nghiém xéc dinh tai gbc nén d, = 0,k = 0,1,.... Khi d6 ta c6 nghiém tach
bién

uo(r,0) = ag, ug(r,0) = ¥ (ar cos(kf) + by sin(kf)), k = 1,2,....
Cht y rang r* cos(k), r* sin(kf) 1a cac da thitc diéu hoa thuan nhat bac k trong R2.
Néu dit 2 = z + iy co
¥ cos(kf) = Re(2*), ¥ sin(k6) = Im(z5).

Dén lic ta dua ra 10i gidi cho bai toan bién Dirichlet cho phuong trinh Laplace trong
B; véi dieu kién bien

=v(1,0) = ¢(0). (1.3.19)

u

Sl

Ta tim nghiém c6 dang
v(r,0) = \/_ag + T Z " (ay cos(kf) + by sin(k0)). (1.3.20)
k=1

Thay vao diéu kién bien (1.3.19) ta c6 cac he s6

ap = (1.3.21)

\/% /S1 ©(0)do
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avéik=1,2 ... ¢
1
= — 1.3.22
a 7 ) ©(0) cos(kB)db, (1.3.22)
1
= i ) 1.3.2
br 77 ©(0) sin(k6)do (1.3.23)

Tuong tu Bo dé 1.7 ta c6 két qua sau.
Dinh 1y 1.12. Cho ¢ € L*(S") va v duge cho bdi (1.3.20)-(1.3.23). Khi dé v tron trong

By wva thoa man phuong trinh Laplace trong By. Hon nia

tim [[o(r, ) — l] .2 = 0.

r—1

Chitng minh. Viéc chiitng minh Dinh 1y tuong tit nhu chitng minh trong B6 dé 1.7 véi

chu y
O ah(rF sin(k)) = K"k — 1) - (k —m + 1)r* ™ sin(k0 + (7/2),
m,{=0,1,...,k=1,2,...,
va -
> Tk —1)-(k—m+1)RF" <00, R€ (0,1),m=0,1,....
k=m

Tit két qua trén, khi r € (0,1) ta c6 the viét

1

o(r,0) = o /Sl P.(0 — n)p(n)dn.

Tit d6 bang viec ding Bo dé 1.9 ta c6 két qua sau.
Dinh 1y 1.13. Cho ¢ € C(S') va v duge cho bdi (1.3.20)-(1.3.23). Khi dé v € C>(B;)N
C(By) va théa man phuong trinh Laplace trong By. Hon niia

lim [[u(r,-) = ¢l[L= = 0.
r—1—

Don gian hon truong hop hinh vuong, ta cling c6 két qua vé tinh tron dén tan bién
sau.
Dinh ly 1.14. Cho ¢ € C=(S') va v duge cho bdi (1.3.20)-(1.3.23). Khi dé v €
C*>(B1)NC(By) va théa man phuong trinh Laplace trong By. Hon nita v(1,-) = ¢ trén
St.
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1.3.2 Bai toan bién hén hop

Trong muc nay ta sé quan tam dén bai toan bién - gia tri ban dau, con goi 1a bai
toan bién hén hop, cho phuong trinh truyén séng va phuong trinh truyén nhiét 1—chiéu
khong gian.

Trude hét ta xét bai toan bien hén hgp cho phuong trinh truyén nhiét trong mot doan
[0, 7]

Uy — Uy =0 trong (0,7) x (0, 00), (1.3.24)
u(+,0) =ugp trén [0, 7], (1.3.25)
w(0,t) =u(r,t) = 0 khi t > 0. (1.3.26)

Vé ¥ nghia vat ly,u 1a ham nhiét trén mot thanh cach nhiét véi hai dau luon duge giit
G 0 do.

Truée hét ta tim cac nghiém tach bién v = XT khong tam thuong ciia phuong trinh
truyen nhiet (1.3.24) va hai diéu kién bién (1.3.26). Khi d6 ta c6 bai toan gia tri rieng
Sturm-Liouville

X"+ XX =0 trong (0, )

v6i diéu kien bien X (0) = X(w) = 0. C6 céac gia tri rieng A = k* vA ham rieng
Xy = sin(kz) tuong tng, k = 1,2,.... Giéng nhu viéc gidi Bai toan 1 trong phuong

trinh Laplace trong hinh vuong, céc ham rieng chuan hoa
L.
ﬁ sin(kz), k=1,2,...
1 co s6 truc chuan ctia khong gian
Liy=1fe€l*(—n,m): f1&}.
Khi d6 véi méi ham 18 f € L?(—m, 7) ta c6 khai trién

Z fesin(kx) = f trong L*
k:

v6i

2 [T .
fe = ﬁ/o f(x)sin(kx)dx



1.3. PHUONG PHAP TACH BIEN 33

Hon ntwa .
=2 P
k=1 0

Quay trd lai viec tim nghiém tach bién, v6i méi k € N ta c6 nghiém tach bién uy, = X, T},
v6i
T, + k°T), = 0.

Ta sé tim nghiém cua (1.3.24)-(1.3.26) duéi dang chudi
1 2
u(z,t) = — Z are " tsin(kx). (1.3.27)
m
k=1
Diéu kién ban dau (1.3.25) cho ta cac he s6
= [ wlw)singiond (13.29
ar = — [ uo(z)sin(kx)dz. 3.
VT Jo

Nghiém tim dugc & trén ctia (1.3.24)-(1.3.26) duge hiéu theo nghia sau.

Dinh 1y 1.15. Gid st uy € L*(0,7) va u dudc cho bdi (1.3.27)-(1.3.28). Khi dé u tron

trong [0, 7] x (0,00) va théa man
Ut — Uy = 0 trong (0,7) x (0, 00)
ciing nhu dieu kién bién
u(0,t) = u(m,t) =0 khit > 0.
Vai diéu kién ban dau duoc théa man theo cich sau

lim ||u(-,t) — ugl|z2 =O0. (1.3.29)

t—0t

Chitng minh. Chitng minh két qua nay tuong tit chitng minh B6 dé 1.7 véi chi ¥

o 9 (e Flsin(kx)) = (—1)"k*He M tsin(kx + ¢r/2), khi m, ¢ = 0,1,... .k =
1,2,...

00
° Z k2m+Z€_k2€ < +w,m’fzo,1,...,€> 0.
k=1
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]

Tiép theo ta quan tam dén viéc khi nao thi nghiém u trong Dinh 1y 1.15 lién tuc
dén diéu kién ban dau. C6 thé thay ngay rang néu nghiém u lién tuc dén diéu kien ban

dau thi ug € C[0, 7] va n6é thdéa man diéu kien tuong thich

Khi dé thac trién 1¢, tuan hoan chu k¥ 27 clia ug lén toan truc sé 1a ham tuan hoan,

lien tuc trén toan truc s6. Khi do, tit Dinh 1y 1.15 nghiém v c¢6 thé viét dudi dang

Z e " sin(kx) /07r uo(y) sin(ky)dy
/ ' (Ze y>>> uo(y)dy

T \k=1

:/_ Hy(x —y)uo(y)dy (1.3.30)

v6i nhan nhiét

1 ,
Ht(gj) = % Ze_k%elkx-

keZ

Dén day néu nhan nhiét H,(z) ¢ cac tinh chat tuong tu nhan Poisson P,(z), nghia 1a
(i) Hi(z) > 0,2 € [—m,w| khi ¢t > 0,
(ii) f Hy(x)dx =1 khit > 0,

(iii) véie € (0,7) 6
lim Hi(x)dx =0

t=0% Je<ja|<n
thi ta c6 ngay két qua giong Dinh 1y 1.10, nghia 13 két qua sau.
Dinh ly 1.16. Cho ug € C[0, 7| théa man dieu kién tuong thich
up(0) = up(m) =0,

va u duge cho bdi (1.3.27)-(1.3.28). Khi dé u € C°°([0, 7] x (0,00)) NC([0, 7] x [0, 00))
va théa man

Up — Uy = 0 trong (0,7) x (0, 00)
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ciing nhu dieu kién bién

u(0,t) = u(m,t) =0 khi t > 0.
Vai diéu kién ban dau duoc théa man theo cich sau

lim ||u(-, t) — up|| o =O0. (1.3.31)

t—0t

Nhu vay dé c6 Dinh 1y 1.16, ta sé di ching minh cac tinh chat ctia nhan nhiét
H,(x). Khong kho dé thay ngay tinh chat (ii). Dé thay hai tinh chat con lai ta can dén

cong thic Poisson dé viét lai nhan nhiet duéi dang

Hy(x) =Y  K(x + 2rk)

kEZ

1 12 2 2z Z
v6i nhan Gauss-Weierstrass K;(z) = \/_6_47. Khi d6 c¢6 the thay ngay tinh chat (i).

‘ 4mt
Dé thay tinh chat (ii) ta tach

Hy(x) = Ky(x) + Y Ki(x + 27k).

|k[>1

1 2
Ki(x)dx = — e *dz.
/e<x|<7r ﬁ e/Vat<|z|<m /4t
Ma lim 6/\/@ = 400 nén

t—0t

lim Ki(x)dz = 0.

t—0* e<|z|<m

Lai ¢6 v6i |z| < m va [k| > 1 co

: T 2|7TI€| > 7 hay e~ (H2mRP /A < pmmtkE/aL
k > <

Khi do

Z K(z + 21k) < C1/2 Z oK /At

|k|>1 |k|>1
Vi<t <1co

, 1 mk?
K+ <

t =4t
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Do dé

Z Ki(x + 2rk) < Ct~1/2e718,
|k|=>1

Tit day khong kho dé thay tinh chat (iii).
Tiép dén ta quan tam dén viéc khi nao nghiém trong Dinh 1y 1.15 tron dén tan
diéu kieén ban dau. C6 thé thay dé nghiem tron dén diéu kién ban dau thi diéu kien

ban dau ug € C*°[0, 7]. Nhu thé chua di va ngay ca viéc them diéu kién tuong thich

cling chua du. Ly do u con théa man phuong trinh truyén nhiét nén
u(0,0) = y4(0,0) va uy(m,0) = g (m,0)
va khi v tron dén tan diéu kién ban dau thi
8u(0,0) = 9294(0,0) va 9 u(r,0) = 9P u(r,0),0=1,2,. ...
Khi d6 diéu kien tuong thich dé nghiem tron dén tan bien
uWP20) =P (1) =0,0=0,1,....
Véi diéu kién tuong thich nay khong khoé khan ta c6 két qua sau.
Dinh ly 1.17. Cho ug € C*[0, 7| théa man diéu kién tuong thich
uP0) = (7) =0,0=0,1,....
va u duge cho bdi (1.3.27)-(1.3.28). Khi dé u € C*°([0, 7] x [0,00)) va théa man
Ut — Uy = 0 trong (0,7) x (0, 00)
cing nhu dieu kién bién
u(0,t) = u(m, t) =0 khit > 0,

va dieu kién ban dav u(-,0) = uo.
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Quay trd lai cong thiic (1.3.30), véi chil ¥ ug 1a ham 1é, ta viét lai

u(z,t) = /07r G(z,y, )ue(y)dy

v6l ham Green
o

2 2
G(z,y,t) = - Z e * " sin(kx) sin(ky).
k=1

Ham Green G(z,y,t) khong chia sé cac tinh chat (i)-(iii) v6i nhan nhiét H;(z). Tuy

nhién no6 chia sé cac tinh chat tét khac v6i nhan nhiét:

déu tron va tuan hoan chu ky 27 khi ¢ > 0, va lic d6 ching déu théa méan phuong

trinh truyén nhiét.
Ngoai ra ham Green con c6 cac tinh chat khac ma nhan nhiet khong co:
e tinh d6i xing: G(z,y,t) = G(y, z, 1),
e thoa man diéu kién bién thuan nhéat: G(0,y,t) = G(r,y,t) = 0.

Dé dung ham Green c6 hiéu qua, giéng nhu nhan nhiét, ta biéu dién ham Green qua

nhan Gauss-Weierstrass nho cong thitc Poisson nhu sau

G(z,y,t) =Y (Ki(z —y+27k) — K(x +y + 2k)).

keZ

Ta chuyén sang bai toan bién - gia tri ban dau cho phuong trinh truyén séng trong

mot doan [0, 7]

U — Uz =0 trong (0, 7) x (0, 00), (1.3.32)
u(+,0) = ug, uy(+,0) =uy trén [0, 7], (1.3.33)
u(0,t) = u(m,t) =0 khi t > 0. (1.3.34)

Vé ¥ nghia vat ly,u 1a ham bien do (dai s6) so v6i vi tri can bang ciia mot doan day
dao dong khong c6 tac dong clia ngoai Iife ciing nhu ma sat véi hai dau luon duge gitt
c6 dinh & vi trf can bang.

Truée hét ta tim cac nghiém tach bién v = XT khong tam thuong ctia phuong trinh
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truyen nhiet (1.3.32) va hai diéu kién bién (1.3.34). Khi d6 ta c6 bai toan gia tri rieng
Sturm-Liouville

X" 4+ XX =0 trong (0, 7)
v6i diéu kien bien X (0) = X(w) = 0. C6 cac gia tri rieng A = k* vA ham rieng
Xy = sin(kx) tuong tng, k = 1,2,.... Gidng nhu viéc giadi Bai toan 1 trong phuong
trinh Laplace trong hinh vuong, cidc ham riéng chuan hoéa

1
ﬁ Sirl(kfl’),k = ]_, 2, .

la co s6 truc chuan ctia khong gian

LYy ={fcLl*(-nm7): f18}.

Khi d6 v6i méi ham 1& f € L*(—m, ) ta c6 khai trién
Z fesin(kx) = f trong L?
k:

V6l

2 [T .
fr = ﬁ/o f(x)sin(kx)dx

S 2= 2/W P2 () de
k=1 0

Quay trd lai viec tim nghiém tach bién, véi mdi k € N ta c6 nghiém tach bién vy, = X, T}

Hon nia

v6i
T + K*T}, = 0.

Ta sé tim nghiém cia (1.3.32)-(1.3.34) dudi dang chudi

u(zx,t) Z ay cos(kt) + by, sin(kt)) sin(kz). (1.3.35)

\/_

Diéu kien ban dau (1.3.33) cho ta cac hé s6
2 /7r
ar = — [ ug(x)sin(kz)dz, (1.3.36)
VT Jo
2 [T sin(kz)
b, = — dz. 1.3.37
o= = [ @ (1.3.37)
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Khac véi bai toan bién hén hop cho phuong trinh truyén nhiét, dé nghiém u xac dinh
béi (1.3.35)-(1.3.37) théa man phuong trinh truyeén séng khi ¢ > 0 thi ngay tir diéu
kien ban dau da phai du tot. Cu thé, dé nghiem u thuoe C2?((0,7) x (0,00)) thi cac
diéu kien ban dau vy € C?[0, 7], u; € C'[0, 7] thoa méan diéu kién tuong thich
up(0) = 0, u1(0) =0, ug(0) =0, (1.3.38)
up(m) =0, uy(mw) =0, uj(r) =0. (1.3.39)

Ta c6 két qua sau.

Dinh ly 1.18. Gid st ug € C3(0,7],u; € C?[0, 7] théa man cic dieu kién tuong thich
(1.3.38)-(1.3.39), va ham u dugc zdc dinh bdi (1.3.35)-(1.3.37). Khi dé v € C*(|0, 7] x
[0,00)) va la nghiem cia bai toan (1.3.32)-(1.3.34).

Chiing minh. Tt diéu kién tuong thich, tich phan ting phan (1.3.36)-(1.3.37) ta dugc

m cos(kx)

2 T . 2 "

a :ﬁ/o uo(x) sin(kz)dr = 7, ug () 13 dz,
2 [T sin(k " Sm kx

b _ﬁ/o uy(x) k \/_/ dz.

Khi d6 {k®a;.} 1a he s6 Fourier clia —uj)(x), con {k®b;} 1a hé s6 Fourier cua uf(z), v6i

up, u1 duge xem nhu cac ham 1¢, tuan hoan chu ky 27 trén toan truc. Do dé

Skt + ) =2 [ (@) + @) )de < o
k=1 0
Lai dé ¥ riang
0705 [(ax cos(kt) + by sin(kt)) sin(kx)]| < K™y /a? + b2
ml=01,.. k=12 ..
Do do6 v6i m,{ € Z, thdéa man m + ¢ < 2 thi

> 10705 [(ax cos(kt) + by sin(kt)) sin(kx)]| <

k=1
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T day ta c6 ngay u thuoce 16p C?([0, 7] x [0, 00)) va cac dao ham riéng dén cap 2 duge
cho béi

o0

¢
omu(z,t) = Z k™ (ay cos(kt + m) + by sin(kt + m)) sin(kz + 1)
P 2 2 2
Tit day khong kho dé thay v 1a nghiem cia bai toan (1.3.32)-(1.3.34). O

C6 thé thay ngay tit chitng minh danh gia sau

3 2
el 2o o)) < C (Z g 22+ ||u§”|rL2>
7=0 =0

v6i hang s6 duong C' khong phu thuoc u.

Dé c6 nghiem v thuoc 16p C? ta khong can doi héi nhiéu vé do tron nhu Dinh 1y 1.18,
ma chi can ug € C?(0, 7], u; € C*[0, 7] va diéu kien tuong thich (1.3.38)-(1.3.39) dugc
thoa man. Viéc nay sé dugde chi tiét hoa trong Chuong vé phuong trinh truyén séng.
Mot vai so sanh gitta bai toan bién hén hgp cho phuong trinh truyén nhiet va phuong

trinh truyén séng:

e V6i phuong trinh truyén nhiét, dé nghiem tron ¢ bén trong tap xéac dinh (ké ci
theo thoi gian) ta chi can diéu kién ban dau thuoc vao L?[0, 7], theo Dinh 1y 1.15.
V6i phuong trinh truyén séng thi do tron ciia nghiém béang do tron ctia diéu kien
ban dau khi s6 chiéu khong gian n = 1, con khi s6 chiéu n > 2 thi do tron cta

nghiém con thap hon cé cia diéu kién ban dau.

e V6i phuong trinh truyén nhiét, dé nghiem t6t dén tan bieén ngoai tinh tét cla
diéu kién ban dau ta con can dén diéu kién tuong thich nhu trong cac Dinh ly
1.16 va Dinh ly 1.17. Véi phuong trinh truyén séng ta cfing can dén diéu kién
tuong thich ngay ca khi chi can nghiém tét ¢ bén trong.

Dé két thic phan phuong phap tach bién, ta c6 thé giai cac bai toan bien hén hop cho
phuong trinh truyén séng va phuong trinh truyén nhiét trong mién hinh vuong, hinh
tron (khong gian 2—chiéu), hay mién hinh lap phuong, hinh try, hinh cau (khong gian
3—chiéu). Khi d6 ta gap cic chudi Fourier trong khong gian 2—chiéu va khong gian
3—chiéu. Kha nhiéu két qua vé chudi Fourier nhiéu chiéu lap lai chudi Fourier 1—chiéu.
Tuy nhién nhing bai toan co ban, ching han nhu khéo sat sy hoi tu diém ciia chudi

Fourier nhiéu chiéu cho dén nay van con 1a bai toan mé.



