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Chuong 1

Phuong trinh Laplace

1.1 Nghiém co ban
Cho Q 1a mo6t mién trong R™. Ham v € C*(Q2) thdéa man phuong trinh
AU = Uy z, + -+ Uy,z, = 0 trong 2

dugc goi 1a ham diéu hoa trong €.
Tiép theo ta tim ham diéu hoa u(x) = v(r), chi phu thugc vao r = |z|, trong Q =
R™\ {0}. Béng tinh toan v : (0,00) — R la ham théa man phuong trinh vi phan

n—1

v'(r)+0"(r) =0,r > 0.
”

Giai phuong trinh trén c6 hai truong hop
(i) n =2 c6 nghiem v(r) =c¢; + coInr,r > 0,
(i) m > 3 c¢6 nghiem v(r) = c3 + c4r* ™, r > 0.

Ta chuan héa nghiém béi
dyu(x)dS =1,r >0,

0By

trong d6 v phap tuyén ngoai don vi trén mit cau 0B, = {x € R" : |z| = r}. Khi d6

/ ds/ V'(s)dS = 1,7 >0,
0 B,

hay ¢y = c3 =0 con
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(i) n =2 ¢6 c3 = 1/wsy, wy 1a chu vi dudng tron don vi,

(i) n>3co ey = ,wy, 1& dién tich mat cau don vi trong R™.

b
(2 —n)w,

Ta c6 nghiém co ban ctia toan tit Laplace I' € C*(R™ \ {0}) xac dinh béi

1

— In |z khin =2,
D) =4 4 .

— — JaP Khin >3

(2 — n)wy,

Tinh toan truc tiép, coi nhu bai tap, ta c¢6

| 1
Vi(z)= ——— VT(z)= —— (Idn — n’i—‘ ® i)

 wa el e =]

trong d6 Id, 1a ma tran vuong don vi cap n.

1.1.1 Dong nhat thic Green

Trong muc nay ta xét 13 mién bi chin vé6i bien 00 thuoc 16p C! va phap tuyén
ngoai don vi trén bién v.
Véiv € CHQ)NC(Q),w € C*HQ) N CLN), sit dung cong thitc dang DIV cho trusng
F = vVw ta thu dugc cong thitc Green thit nhat

/(Vv -Vw +vAw)dr = / vO,wdsS.
Q o9

Bing cach stt dung cong thiic Green thit nhat cho v,w € C?*(Q) N CY(Q) ta thu duge
cong thic Green thit hai

/(UAw — wAv)dzr = / (vVOw — wd,v)dS.
Q

o0N

Dén day ta dan dén dong nhat thitc Green sau:

Dinh ly 1.1 (Dong nhat thic Green). Cho u € C*(Q) N CY(Q). Khi dé, vdi x € Q

uw) = [ T =n)autmy = | (0= )0,u00) = u(w)0, T @ = 0)ds,

o0N

Chitng minh. Do © la tap mé nén c6 r > 0 dé B,.(z) C Q. Khi d6 I'(x — ) €

C>(9,),Q, = Q\ B,(z) va théa man
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o Al'(x —-) =0 trong ,,

e néu v la truong véc-to phap tuyén ngoai don vi ctia 92, thi khi y € 9B, (z)
1

T,

o, I(x—y) =
Ap dung cong thitc Green thi hai cho v = [(x—+),w =wuva Q, ta thu duge
[ =y = [ (0= 9)0,u6) - 10, D~ )ds,+
T [Q

1
—|—/ [z — y)0,,u(y)dS, — — / u(y)dsS,
8B, (z) " Wn JoB,(x)

Khi y € 0B,(z) ta c6

1
—Inr khi n = 2,
Dx—y)=q“*
L r2="  khin > 3.
(2 — n)wy, -

Do dé
| Inr|||Vul|so khi n =2,

huvuum khi n > 3.

Bing cach dung cong thic gia tri trung binh cho ham lién tuc ta c6

| T ya,uas
0B, (7)

) 1
s o [ w0, = ute)

Két hop cac diéu trén ta dé dang c6 ching minh cho dong nhat thitc Green khi cho

1”—>0+. ]

T cac cong thic Green va dong nhat thitc Green ta cé cac hé qua sau:

e Liy v = 1,w la ham diéu hoa trong Q2 va w € CY(Q) ta c6
/ Jyw(x)dS = 0.
20

o Lay u=1tacé [,,0,I(z—y)dS, =1,z € Q. Trong trudng hop dac biet Q la

hinh cau tam tai = ta c6 chuan héa nghiém co ban.

e Néu supp u la tap compact trong €2 thi

uw) = [ T =) duty)dy.
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1.1.2 Ham Green

Trong muc nay ta ciing xét mién Q nhu muc trude. Véi moéi x € Q c6 dinh xét bai

toan

Au =0 trong €,
u(y) =I'(z —y),y € 0.

Trong muc nay ta chua quan tam dén viéc chi ra sy ton tai nghiém ctia bai toan trén,
ta gid st no c6 nghiem ®(z,-) € C*(Q)NCHQ). Ta c6 khai niém ham Green cho mién
Q dugce xac dinh béi

G(z,y) =T(z—y) - O(z,y), z,y €Qu #y.
C6 thé thiy ham Green G(x,y) c6 cac tinh chit sau:
e AG(z, ) =0 trong Q\ {z}.
o G(x,-) =0 trén 0.
o G(z,y) <0,z,y € Q,z #y.
o G(z,y) =G(y,x),z,y € Q,z #y.

Nho ham Green, nghiem v € C%(Q) N C1(Q) ctia bai toan bién Dirichlet cho phuong
trinh Poisson
Au =f trong €2,
u‘aQ —

véi f € C(Q), ¢ € C(09), c6 bidu dién
=[G d,, Gz, y)dS,.
u(z) /Q (. y) f(y)dy + /m ©(y)0,,G(z, y)d

That vay, stt dung cong thiic Green thit hai va dong nhat thitc Green ta c6 ngay ding
thiic trén. Chi tiét coi nhu bai tap.
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1.1.3 Cong thic tich phan Poisson

Trong muc nay ta chi ré ham Green cho hinh cau. Tt d6 ta dua ra cong thic
nghiém dang tich phan Poisson cho bai toan bién Dirichlet trong hinh cau. Truéc hét

ham Green cho hinh cau xac dinh qua két qua sau:

Dinh 1y 1.2. Ham Green G trong hinh cau Br C R™ dugc zdc dinh qua ting truong
hop cu thé sau:

o Khin=2 )
G(Ovy) = w_2(1n|y| —IDR),y S BR\{O}7

R2
=)

(lyP™ = R*™) ,y € Br\ {0},

4

va khi x € BR\ {0},y € Br\ {z}

2]

1
G(z,y) = Wy (1H|y—$| —In (E

e Khin>3

o
(2 —n)w,

vax € B\ {0},y € Bg\ {z}

Chatng minh. Nhéc lai dinh nghia ham Green trong Bpr

G(0,y) =

R2
YT R

G(r,y) =T(x —y) — ¢(z,y)
v6i ®(x,-), x € Bg, 1a nghiém ctia bai toan
A®(z,-) =0 trong Bg,
®(z,y) =I'(z —y),y € OBp.
Cha y I'(x — y) chi phu thudc |z — y| nén khi z = 0,y € IBr ham I'(0 — y) 1a ham
hang, ky hieu I'(R). Khi d6 ham hang T'(R) 14 nghiém ctia bai toan
AD(0,-) =0 trong Bg,
®(0,y) =I'(0 —y),y € OBx.
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Ta chi con phai chiitng minh Dinh 1y cho truong hop = # 0. Ta xét phép nghich dao
2

R \
xHX:Wx qua mit cau 0Bg. Khi d6 X ¢ Br va X # y. Do d6 ham I'(y — X)) la
x

ham diéu hoa trong Bg. Ta tim nghiem ®(z,y) = I'(C(z)(y — X)) va ta can tim C(z)

nho diéu kién bién
(I)('Tay) = F(C(l’)(y - X) = F(.Z‘ - y)ay € aBR

bé y
X _ R

Rzl
nén véi y € 0Br ¢c6 AOzxzy ~ AOyX. Do do

ly—X| _ |lz—yl

0Bg.
R |I| 7?/6 R

Nhu vay dé c6 diéu kieén bien C(x) = R/|z| hay ta c6 diéu phai chitng minh. O

V6i G 13 ham Green trong hinh cau Bg, biang tinh toan cu thé

0,,G(z,y) = ,T € Br,y € 0Bp.

Ham nay dugc goi 1a nhan Poisson, ky hi¢u K (x,y). Mot s6 tinh chét ciia nhan Poisson

dugc thé hien qua bd dé sau:

Bo6 dé 1.3. (i) K € C*°(Bg x 0Bg).
(i) K(x,y) > 0,2 € Bg,y € 0Bg.
(iii) Vi méi zo € OBp,§ > 0

lim K(z,y) =0 déu theo y € OBg \ Bs(xo).
|z|<R

(iv) AyK(x,y) =0, € Bg,y € 0Bpg.
(v) Jp, K(z,y)dS, =1,z € Bp.

Chatng minh. Céc tinh chat (i)-(iv) kha hién nhién. Tinh chat (v) dé& dang c6 bing mot

trong hai cach
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o K(z,y) =0,,(I'(z—y) — ®(x,y)), ®(z,-) 1a ham diéu hoa nén ti he qua cta céc

cong thitc Green va dong nhat thiic Green ta c6 (v);

e ding bidu dién diing ham Green ctia ham u = 1 ta ciing s ¢6 (v).

Dén day ta c6 13i giai cho bai toan bién Dirichlet trong hinh cau sau:

Dinh ly 1.4. Vdi bat ky ¢ € C(OBg) cong thiic tich phan Poisson
ue) = [ Kwewas,
OBRr

cho ta nghiém cia bai todn bién Dirichlet

Au = 0 trong Bg,

aclLI? u(x) = 90(%), o € 0Bg.
wcBy

Chitng minh. D& chiing minh v kha vi vo han va diéu hoa trong Bpg, ta chi can xét

+ ||

Khi d6 nhd tinh chat (i) va (iv) clia nhan Poisson K ta c6 u kha vi vo han va diéu hoa

mot cach dia phuong tai ting x € Bgr. Khi d6 ¢6 r = sao cho x € B, C Bg.

tal ¢ € Bpg.

Ta con phai chiing minh v6i moéi xy € 0Bg ¢6

lim K(z,y)¢(y)dy — (o) = 0.

T—x()
zE€EBR 0BRr

Nho tinh chat (v) clia nhan Poisson K, phan con phai chiing minh

Téch tich phan trén thanh hai phan

. f@BRﬂBg(xo) : ta duing tinh lien tuc ctia o, tinh chéat (i) va (v) clia K;

o faBR\Bg(xo) : ta ding tinh bi chin clia ¢, tinh chat (iii) cia K.

Chi tiét phan nay xem nhu bai tap. O
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Mot s6 hé qua tit cong thitc tich phan Poisson:
e Khi n = 2, chuyén sang hé toa do ciic x = (rcosf,rsinf), y = (Rcosn, Rsinn)
thi nhan Poisson trong hinh tron Bp

1 R~
K(r,0,n) = — '
(T7 77]> It RQ —2Rr COS(H - 77) + r

e Khi z = 0 ta c6 cong thiic gia tri trung binh cho ham diéu hoa trén mat cau

1
u(0) = 7t /8 uy)as.
n R

e Tu tinh chat (ii) va (v) clia nhan Poisson ta ¢6 nguyén 1y cuc dai cho ham diéu

hoa
m1ng0<ux <max<px€B.
B = ()_ B ) R

1.1.4 Tinh chinh quy

Trong muc nay ta sé quan tam dén tinh tron ctia ham diéu hoa. Ta bat dau bang

cach stt dung dong nhat thic Green.

Dinh 1y 1.5. Cho Q la mot mien trong R™ va u € C?(Q) la ham dieu hoa trong Q.
Khi do uw € C*(Q).

Chatng minh. Ta sé chting minh u kha vi vo han tai bat ky x € €. Do € 1a tap md nén
¢6 hinh cau déng Bs,(z) C Q. Tit gid thiét ta c6 u € C?(By,(z)). St dung dong nhét
thitc Green cho u trong hinh cau Ba, (), v6i chi ¥ Au = 0 trong Bo,(x) ta c6

u(y) = / (u(2)0,.I'(y — 2) = T'(y — 2)0,.,u(2)) dS,,y € B.(z).
0Ba ()

Do |y — z| > r khiy € B.(z),z € 0By.(z) nén I'(- — z) € C*(B,(x)), z € 0By, ().
Nhu vay u € C*°(B,(z)) hay u kha vi vo han tai . Ta hoan thanh ching minh. O

Dinh 1y trén cho thidy mot ham u € C?(Q) chi can théa méan dang thiic Au = 0
trong € thi né sé tron, nghia 1a kha vi vo han. Sau nay ta con ching minh két qua tot

hon, thay vi Au = 0 ta chi can Awu tron trong €2 ta van c¢6 két qua trén. Tinh chat nay
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duge goi 1a tinh hypoelliptic clia toan tit Laplace. Ngoai toan ti Laplace A con nhiéu
toan t1t vi phan khac ciing c6 tinh chat nay, chdng han toan tit truyén nhiet 9, — A,.
Toan tit truyen séng Oy — A, khong chia sé tinh chat nay.

Ham diéu hoa khong chi tron nhu két qué trén chi ra, né con giai tich nghia 13 chudi
Taylor tai mdéi diém ctia né hdi tu trong lan can nao dé cla diém dé. Dé ching minh

diéu nay ta can dén danh gia gradient sau:

Dinh Iy 1.6 (Danh gia gradient). Cho u € C(Bg(z¢)) diéu hoa trong Br(xg) C R™.
Khi do
[Vu(zo)|

< — max |u
- RBR(JJ())‘ |

vdi hing s6 C' chi phu thudc vao n.

Chatng minh. Bang cach dich chuyén va co dan v(x) = u(R(x — x0)) ta c6 thé gia si
ro=0,R=1.

Chon ¢ € C™(Bjy4) sao cho ¢ = 1 trong Byje. Lay © € Byjy var < 1/4 ¢6 B,(z) C
By

Stt dung cong thitc Green thit hai cho v = u,w = ()\T'(x —-) va Q = Br\ B,(z),3/4 <
R <1, taco

/ (W) Ay (0BT (@ — 1)) — P (@ — y)Ayuly))dy =

BR\BT(QC)
- / (w()dy, (2T — 1)) — ()T (@ — 4)y,u(y))dS, +
OBRr
+ / (u(y)0y, (0()(x —y)) — ()T (z —y)0,,u(y))dS, (1.1)
OBy (z)

trong d6 v, 1a phap tuyén ngoai don vi tréen dBg U B, ().
Dé ¥ rang:

e do3/4<R<1vap(y)=0,yl >3/4nén
O, ((y)I'(x —y)) = 0,9(y) =0 khi |y| = R

do do6
/8 (), (T = ) =~ )@ = )0 u))dS, =0
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e do B,(z) C Bijp vap(y) =1, |yl <1/2 nén
1

-1
rTrw,

A, ()T (x —y)) = 9,,T(z —y) = o(y) = 1khily—z| =r

do do6

/ (u(y)dy, () (x — ))dS, =— / u(y)ds,

rr=lw,
0B, (x) 9Br(z)

| o= n)o,uw)is, = [ T - ), u()ds,
OBr(x)

OB, (x)
e Au =0 trong B; con
Alp()l(x =) = Pz = )Ap(-) + 2Ve() - VI (z — ) + ()AL (z — )
ma Vo = 0 ngoai {y: 1/2 < |y| < 3/4} va AI'(x — -) = 0 ngodi B,(z) nén
Ap(-)l(z —+)) = 0 ngoai {y : 1/2 < [y| < 3/4}.
Thay vao (1.1) ta duge

= [ - )8 + 2V,00) - T~ 9))dy =
1/2<|y|<3/4

_ 1 /u(y)dSy— / [(z —y)0,,u(y)dS,. (1.2)

rr—lw,
0By (x) OBy (x)

Tuong tu nhu chiing minh dong nhat thic Green, cho r — 0, hai vé (1.2) c6, khi
WS Bl/4,

u) == [ un)e - 9D+ 2060) VD ) (13)
1/2<|y|<3/4

Céc ham dudi dau tich phan trong (1.3) déu tron trong {y : 1/2 < |y| < 3/4} nén
bang cach 1ay dao ham hai vé va danh gia mot chit ta c6 danh gia gradient can ching

minh. ]

St dung danh gia gradient trén ta c6 danh gid cho dao ham riéng cap cao sau:
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Dinh 1y 1.7. Cho u € C(Bg(z0)) diéu hoa trong Br(zo) C R". Khi dé vdi moi da chi

50 a, la| =m, co
Cmem=1m)
0%u(xy)| < ——— max |u
[0%u(@o)| < ——F BR(xo)l |
trong dé hang so C chi phu thuoc n.

Chiing minh. Ta ching minh bang quy nap theo m. Véi m = 1 ta c¢6 ngay danh gia
can chiing minh nho danh gia gradient.

Gia st ta ¢6 danh gia can chiing minh cho cac dao ham riéng cap «, |a| < m. Ta sé
chitng minh danh gia cho dao ham riéng cap a, |a| = m + 1. C6 0%y, |a| = m + 1, 1a
dao ham riéng cap 1, theo bién ndo d6, ctia v 1a dao ham rieng cap 3, |3| = m, cla u.
Lay 6 = m/(m + 1). Cha ¥ cdc dao ham riéng moi cip clia ham diéu hoa déu 13 ham

diéu hoa nén st dung danh gia gradient cho v trong B(i_g)r(zo) ta co

C
Volz)) < ————  max  |v
| ( O)| = (1 — Q)R B_gyr(x0) | |

C
Ou(xg)| < ———— max  |v 14
|0%u ()| < 1-0R B(I_Q)R(IO)I | (1.4)

vdi hing s6 C' chi phu thuoc n, nhu trong danh gia gradient.
T gid thiét quy nap cho v = 0%u, |8] = m, trong Byr(x) C Br(wo), € Ba_gr(wo),
ta co

Cmem=lm|

—_— T € By_ 1.5
(OR)™ £§§)|U| z (1 9)3(1‘0) (1.5)

v(z)| <
v6i hdng s6 C' chi phu thuoc n, nhu trong danh gia gradient.
Chu y rang céc hing s6 C' la mot va (1 + 1/m)™ < e, két hop (1.4)-(1.5) ta ¢c6 danh

gia can ching minh. ]

Tru6c khi dén vé6i viec chitng minh tinh giai tich ctia ham diéu hoa, ta dén véi he
qué vé tinh Heine-Borel ciia khong gian cdc ham diéu hoa H () trong to-pd hoi tu
trén ting compact, nghia 14 moi tap bi chan cdc ham diéu hoa déu c6 day con hoi tu
theo to-po nay dén ham dicu hoa. Tien day ta néi qua vé khong gian €() 1a khong

gian gom cac ham kha vi vo han C*°(Q) v6i khai niem hoi tu:



12 CHUONG 1. PHUONG TRINH LAPLACE
Day uy € £(Q),k =1,2,..., dudc goi 1a hoi tu dén u € E(Q) néu

lim sup [0%uy, — 0%u| = 0,a € ZT}, ¥ 1a tap compact trong Q.

k—o00 Q/
Tt két qué vé tinh tron ctia ham diéu hoa ¢6 H(Q2) C €(2). To-po hoi tu trén ting
compact trong H(2), n6i 6 trén, chinh 1a t6-po sinh ra tit sy hoi tu trong €(Q2). Ta
phat biéu tinh Heine-Borel ctia H () nhu sau:

Hé qua 1.8. Cho Q la mot mién trong R*, M > 0 va day cdc ham diéu hoa u, €
H(Q),k=1,2,..., théa man

sup|ul < M, k=1,2,....
Q

Khi dé ¢6 ham diéu hoa v € H(Q) va day con cia day da cho {us,, }5°_, sao cho
ug,, — u trong €.
Chatng minh. Truée hét ta phan tich
Q=U52,9,Q ={zeQ: |z| <jdw0d2) >1/j}.

Khi d6 Q; C Q 1a tap compact. Khi d6 sy hoi tu trong &(Q) tuong duong véi

J
lim sup |0%uy, — 0%ul = 0,5 € N.
k—o0 Q; 042:0

Tu danh gia cho cac dao ham riéng moi cap cho ham diéu hoa va gia thiét vé tinh bi

chan ctia day ham dieu hoa da cho c6
laauk(ac)\ S CJ]]M = Mj, ‘Oél S j,l’ c Qj.
St dung Dinh 1y Arzela-Ascoli ting budc:

Bl: j = 1, ¢6 day con {ug, }°, hoi tu déu dén u trong Oy, ta ky hieu lai day nay

ul(l):ukl,lzl,Z,....

B2: j = 2, ¢6 day con ctia day con trén {u,(;)}fil hoi tu dén ham u, xac dinh ¢ B1,

theo chuan || - ||c1 trong Qy, nghia la
: (1 3 1 _
llggo sgz}) <|ukl —u| + Z_:l |0y, — 8xmu|> =0,

ky hieu lai day nay uf” = w1 =1,2,....
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e ci nhu vay ta c6 cac day ul(m) hoi tu dén ham u, xéc dinh ¢ B1, theo chuan
|| - ||om-1 trong €,,, nghia la
m—1

hmsup2|8 ur, — 0%l = 0.

k—o00
m =0

Béng cach lay duong chéo ta thu duge day con, ky hicu {uy,, }°°_;, hoi tu dén ham u
trong €(12). Tt day khong kho dé thay tit tinh didu hoa ctia uy,, ta c6 ngay tinh diéu
hoa ctia u. Ta hoan thanh ching minh. ]

Ta dén tinh gidi tich ctia ham diéu hoa:

Dinh 1y 1.9. Ham diéu hoa u trén mién Q la ham gidi tich tréen Q, nghia la vdi moi

zo € Q ¢6 hinh cau B,(zo) C Q ma chudi Taylor cia u tai g
- L,
Z i ulw) (@ — )

hoi tu dén u(x) tai moi diem x € B, ().

Chitng minh. Dat h = x — xg, ta ¢6 phan du dang Lagrange

-1

3

1

al
0

R, (h) = u(xg+ h) — O“u(zo)(x — 20)"

a

(e, + - b, )] (0 + 00)

v6i 6 € (0,1). Do 2§, Q mé nén c6 ro > 0 dé By, (z9) € Q. Ta c6 danh gia cho cac

dao ham riéng moi cap cho ham diéu hoa u trong B, (zo + 0h), |h| < 79, ¢6

Cm m—1
0u(mo + 00) < o™ ax ul, Jo] =
T Barg (z0)
Khi d6 phan du Lagrange
Cm m—1 h m
| R (h)| < e—mH ‘max |ul.
TO B27‘0(x0)

Chon r = % cho m — oo ta c6 diéu phai chiing minh. O
e
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1.2 Tinh chat gia tri trung binh

Tt cong thiic tich phan Poisson ta c6 tinh chat gia tri trung binh trén méat cau cho
ham diéu hoa, nghia Ia gia tri trung binh ctia ham diéu hoa trén mat cau bang gia tri
clia n6 tai tam mit cau. Trong phan nay ta sé thay tinh chat gia tri trung binh 1a dic
trung ctia ham diéu hoa. Sau dé ta ding tinh chat trung binh nay dé chi ra mot s6

tinh chat khac ciia ham diéu hoa.

1.2.1 Dac trung ctia ham diéu hoa
Dinh nghia 1.1. Cho Q 13 mot mién trong R” va ham u € C(9).

(i) Ta néi u thoa man tinh chat gid tri trung binh trén mat cau néu véi bat ky hinh

cau B,(z) C Q
1

ule) = rlwy, /83r(a:) S

(i) Ta n6i v théa man tinh chat gia tri trung binh trong hinh cau néu véi bat ky
hinh cau B,(z) C Q

n

u(z) = /Br(x) u(y)dS,.

"W,

/ u(y)dy = / dt / u(y)dsS,
B, (z) 0 OB (z)

o
D
<\
=
g
=
OS]

ta co

e tinh chat gia tri trung binh trén mit cau suy ra tinh chat gia tri trung binh trong

hinh cau nho viéc 1ay nguyén ham,

e tinh chat gia tri trung binh trong hinh cau suy ra tinh chat gia tri trung binh

trén mat cau nhd viéc lay dao ham.

Nhu vay cac tinh chat gia tri trung binh (i) va (ii) tuong duong nhau. Ngoai ra, bang
cach ddi bién ta c6 thé viét lai dinh nghia céc tinh chat gia tri trung binh cho ham lién

tuc v trén 2 nhu sau:
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(i) Ta néi u thoa man tinh chat gid tri trung binh trén mat cau néu véi bat ky hinh

cau B,.(x) C Q
u(z) = i/ uw(x + 1y)dS,.
2B,

Wn

(i) Ta n6i w théa man tinh chat gia tri trung binh trong hinh cau néu véi bat ky
hinh cau B,(z) C Q
n

u(r) = — /131 u(x + ry)dS,.

Wn

Nhu dau muc da néi, ham diéu hoa trong mién Q c6 tinh chat trung binh. Tiép theo
day ta sé chiing minh ham lién tuc u trén Q c6 tinh chat trung binh thi né sé 1a ham

diéu hoa. Diéu tha vi:

e ham diéu hoa trén ), vé mit dinh nghia ta chi doi héi né kha vi lién tuc dén cap

2, la ham giai tich trén 2,

e ham thdéa méan gia tri trung binh trén €, vé mat dinh nghia ta chi déi hoi né lién

tuc, 14 ham diéu hoa trén Q.
Dinh ly 1.10. Cho Q la mot mién trong R™ va w la ham xdc dinh trén .

(i) Néu u € C*(Q) la ham diéu hoa trong Q thi né théa man cac tinh chat gia tri
trung binh trén €.

(ii) Néu u € C(Q) théa man tinh chdt gid tri trung binh trén Q thi né la ham diéu

hoa trén Q.

Chaing minh. Ta sé chiing minh (i) bang cach khong dung cong thiic tich phan Poisson.
Lay B,(z) C Q. Lay u € C*(Q2),p € (0,7). Ta c6
/ Au(y)dy :/ dyu(y)dS, (cong thic Green thit nhét)
BP(I) aBp(l“)

=p"! / dyu(z + pw)dS, (d6i bién y =z + pw)
0B,

v
=pt 1 = w(x 4+ pw)dS, 1.6
S BT (1.6

(chuyén dao ham ra ngoai dau tich phan).
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(i) Tit gid thiét u € C%(Q) 1a ham didu hoa va (1.6) ta co
I(p) = / u(z + pw)dS,
8B
13 ham hing. Khi dé6
/ u(z + pw)dS,, = 1(0) = wyu(x).
9B,

Dicu nay ding véi bat ky hinh cau B,(x) C € nén u théa man tinh chat trung binh.
(ii) Dé chiing minh » 14 ham diéu hoa, tit (1.6) ta chi can ching minh u € C*(2) hay
r6 hon:

tai mdi z € Q ta sé chi ra hinh cau B,(z) C Q ma u € C*(B,(z)).

Dé lam diéu nay ta lay ham p € C°(R") xac dinh bdi

CeFPT  khi |z] < 1,
0 khi |z| > 1,

p(z) =

voi hing s6 C' dé [, p(z)dz = 1.
C6 dinh x € Q. Do Q md nén c6 r > 0 dé By, (z) C Q. V6i mdi e € (0,7) xét ham

u(z) = 6”/QU(y)p (%) dy.

C6 supp p(3=) C Be(z) C By, (x) khi z € B,.(x) nén ta c6 cac két luan sau:

wi = [ o (7Y anz e B0

Lai do u € C(Q2),p € C*(R") nén u. € C*(B,(x)).

e Ngoai ra, khi z € B,.(z) ¢

wi) = [ PRI ( = y) ay

= /B u(z + ey)p(y)dy

1 1
:/ Ceﬂldt/ u(z + ew)dS,
0 0Bt
—u(2) [ plu)dy
By

=u(z).
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Toém lai ta da hoan thanh ching minh. ]

1.2.2 Ung dung cta tinh chit gia tri trung binh

Ta da chiing minh danh gia gradient bang cach dung cong thiic Green trong Dinh
ly 1.6. Duéi day ta sé chting minh danh gia gradient bang cach diing tinh chat gia tri
trung binh.

Dinh 1y 1.11 (Danh gi4 gradient). Gid situ € C(Bg(w)) diéu hoa trong Br(x) C R™.
Khi do

[Vu(zo)| < = max |u].

Br(zo)

DU|3

Chatng minh. Lay r € (0, R), c6 u € C*(B,(x0)) nén sit dung cong thitc tich phan ting

/ Uy, (z)dx = / w(x)y(x)dS,,i=1,...,n,
B'r(xo) 8B7—(:C0)

trong d6 v(z) = (vi(z),...,v,(z)) 1a phap tuyén ngoai don vi clia OB, (o) tai x €
aBr(LCo).

Lai do u diéu hoa trong Br(zo) nén u,,,i = 1,...,n, la cdc ham diéu hoa trong Br(zo).

phan ta co6

Khi do6, tit tinh chat gia tri trung binh ta c6

n

= Uy, (z)dr = / w(x)v;(x)dS,.
m e = [ wwe)

Do dé, sit dung bat ding thic Cauchy-Schwarz ta dudc

n2
el < s ([ ptoias) ([ putaias, )
n OB (z0) OB, (z0)

Nhu vay ta co

V()| <

/ |u(x)|dS, <—max\u|0<r<R
OBr(x0)

"W, T Br(zo0)

Do ham u € C(Bg(0)) nén anh xa r = m(ax) |u| 1a ham lién tuc. Khi dé chor — R~
T Br(xo

ta c6 danh gia gradient can ching minh. ]

V6i ham diéu hoa khong am, chitng minh tuong ti trén ta c6 bat dang thitic Harnack

dang vi phan sau:
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Dinh 1y 1.12. Cho u € C(Bg(xo)) la ham diéu hoa, khong am trong Br(zy) C R™.
Khi do
n
Vu(zo)| < Lu(zo).

T bat déang thic Harnack dang vi phan trén ta dan dén Dinh Iy Liouville cho ham

diéu hoa trén toan khong gian.

Hé qua 1.13 (Dinh 1y Liouville). Ham dieu hoa bi chan dudi (hodc bi chan trén) trén

toan khong gian R™ la ham hdng.
Chitng minh. Tit bat déng thiic Harnack dang vi phan ta c6
Vu(z) =0,z € R".
T d6 ta c6 diéu phai chitng minh. ]

Hé qua khéac dan ra tit bat dang thic Harnack dang vi phan la bat dang thic

Harnack sau:
Heé qua 1.14. Cho u la ham diéu hoa khong am trong Br(xg) C R™. Khi dé
u(z) < Culy), .,y € Brya(zo),
trong dé hdang s6 C' chi phu thudc n.
Chaing minh. Lay € > 0, dat v, = u + € ¢
ve(x) > €> 0, Avc(x) = 0 khi x € Br(x).

T bat ding thic Harnack dang vi phan cho v, trong Brj2(x), * € Brja(x0), co
Vo (z)

Ue(x)

2
7

< (1.7)

Lay z,y € Bpya(zo) c6

vx):

(
ve(y)

In

1
/ ilnvg(tﬂ:%—(l—t)y)dt
7

:(m_y)./o Vinw(tz + (1 — £)y)dt. (1.8)
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Do tx — (1 — t)y € Bprja(xo) va |z —y| < R khit € [0,1], z,y € Bgya(xo) nén tir
(1.7)-(1.8) ta c6

V()
" )

1
<lz—y / IV otz + (1 — £)y)]dt
0
<2n| | <2
— |z — n.
=g Y
V6i C' = e?" va e — 07 ta c6 bat dang thitc Harnack. O

Céch khéc chitng minh bat dang thitc Harnack diing trige tiép tinh chat gié tri trung

binh nhu sau:

Chitng minh khac bat dang thite Harnack. Truée hét ta ching minh két luan sau: Véi
bat ky € Bgr(zo),r > 0 sao cho By,.(Z) C Bgr(zg) ta déu co

u(z) < 3"u(y),x,y € B,(T).
Di¢u nay kha hién nhieén vi
e B.(x) C Bs,(y) C Bu(7),
e sit dung cong thiic gia tri trung binh cho u trong cac hinh cau B,(z), Bs,(y).
Lay z,y € Bgya(zo),r = R/8. Khi d6
e v6imdi 7 € [z,y|={te+ (1 —t)y: 0<t <1} co
By, () C Br(x),

1
o dat Pk:g(kzx—l—(5—k)y),k’=0,1,...,5, do |x —y| < Rtaco

Py = x,P; = y, con mdi cip diém P, P,y cling niam trong mot hinh cau
1
Br(Qk)a Qk = Q(P/C + Pk—‘rl) S [%?JL

e theo két luan trén ta co

u(z) < 3"u(Py) < -+ < 37u(y).
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T cong thitc tich phan Poisson ta c6 nguyén 1y cuc dai cho ham diéu hoa trong
hinh cau. Bang viéc sit dung tinh chat gia tri trung binh ta sé chi ra nguyéen 1y cuc dai

manh cho ham diéu hoa trong mién bi chan bat ky.

Dinh Iy 1.15. Cho Q la mién bi chan trong R" va u € C(Q) la ham dieu hoa trong
Q. Khi do, hodc u chi cé thé dat GTLN, GTNN trén biéen 00, hodc u la ham hdang. Cd
hai truong hop déu cé

minu < u(z) < maxu,r € Q.
0% o0

Nhu vay nguyén Iy cuc dai manh suy ra nguyén ly cie dai. N6i chung nguyén 1y
cuc dai khong suy ra nguyen 1y cuc dai manh vi GTLN hay GTNN c6 thé vita dat ca

trén bién va bén trong.
Chiing minh. Ta sé chi chiing minh GTLN, con GTNN ching minh tuong tu (coi nhuw
bai tap). Do u € C(Q),Q 1a tap compact nén ton tai M = maxu. Xét tap
Q

D={zeQ: ulx)=M}.
T tinh lién tuc ctia uw nén D déng trong €. Néu ta chiing minh duge them D 1a tap
maé trong ) thi tr tinh lién thong cia € ta ¢ hai truong hgp sau:
TH1: D = () nghia 1a u chi bang M trén bien 0f).
TH2: D = Q nghia & u 13 ham hang.

Nhu vay ta chi con phai chiing minh D mé trong Q. Lay o € D C Q. Do Q 13 tap mé
nén c¢6 r > 0 dé B,(zo) C Q. Si dung tinh chat gia tri trung binh cho ham diéu hoa u
trong B, (z9) v& u(zg) = M la GTLN cua u ta c¢6

n

/ u(y)dy < M.
wnrn Br(CCO)

Do u(y) < M va u lién tuc nén u(y) = M,y € B,(xg), hay B,.(xo) C D. T d6 D la

M = u(xzg) =

tap md trong 2. Ta hoan thanh chitng minh. [

Dung tich phan nang lugng ta da chiing minh bai toan bién Dirichlet cho phuong
trinh Poisson

Au =f trong (1.9)

u =¢ trén 0}, (1.10)
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v6i f € C(Q), ¢ € C(9),Q C R™ 1a mién bi chan véi bien thuoc 16p C1, c6 duy nhat
nghiém trong khong gian C?(Q) N CH(Q).

Tiép theo, bang nguyen 1y cuc dai ta ¢6 tinh duy nhat nghiém cho bai toan (1.9)-(1.10)
cho Q C R” chi can 14 mién bi chin, va khong gian nghiém md rong hon C?(Q) NC(Q).

Dinh 1y 1.16. Cho Q la mién bi chin trong R*. Khi dé vdi bat ky f € C(Q), ¢ €
C(09Q), bai todn (1.9)-(1.10) c6 toi da mot nghiem trong C*(Q) N C(L).

1.3 Nguyén ly cuc dai

1.3.1 Nguyén ly cuc dai yéu

Dau tién ta sé chiing minh nguyén 1y cuc dai cho ham duéi diéu hoa ma khong st

dung tinh chat gia tri trung binh.

Dinh nghia 1.2. Cho v € C?*(Q2), 14 mién trong R”. Ta néi ham v 1a diéu hoa dudi

(diéu hoa trén) trong 2 néu
Au >0 (Au <0, tuong tiing) trong €.

Dinh 1y 1.17. Cho Q la mién bj chan trong R™ va u € C*(Q)NC(Q) la ham diéu hoa
dudi trong Q). Khi dé v dat GTLN trén 0X), nghia la

maxu — maxu.
Q o

Dinh 1y nay dugc goi la nguyén 1y cuc dai yéu cho ham diéu hoa dudi. Dé ching

. ~ P A 2 P
minh noé ta can den bo de sau:

Bo dé 1.18. Cho Q la mién trong R™ va u € C?(Q) théa man Au > 0 trong Q. Khi
do u khong thé dat cue dai dia phuong trong Q. Tw dé ta c¢d, néu u lién tuc tren Q th

max ¢ = max u.
Q oQ

Ching minh Bo de 1.18. Ta chting minh bing phan chiing, nghia la gia st ¢6 diém
ma u dat cuc dai dia phuong tai d6. Khi do



22 CHUONG 1. PHUONG TRINH LAPLACE

Do d6 Au(zg) < 0 hay ta c6 diéu mau thuan véi gia thiét. Vay diéu gia si sai hay ta
da chitng minh xong Bo dé. O

Quay tré lai chiing minh nguyén 1y cuc dai yéu cho ham diéu hoa dudi:

Chiaing minh nguyén lyj cuc dai yéu. Do € bi chin nén c6 R > 0 dé Q C Bg. Véi mdi
e > 0 xét
ue(z) = u(w) — e(R* — |zf).

C6 ue € C?(Q) N C(Q) va
Au. = Au + 2ne > 0 trong €.

Do d6 theo Bé dé 1.18 ta c¢é

max e = max ..
) a9
Lai do Q C Bg nén
e maxu. > maxu — eR?,
Q Q
e maxu, < maxu.
a9 29
Tu trén, cho € — 0" ta hoan thanh chiing minh. O

Tiép theo ta quan tam nguyéen 1y cuc dai yéu cho 16p phuong trinh rong hon mot
chiit so v6i phuong trinh Poisson, cu thé

Au+ cu = f trong €,

Vvéi ¢, f 1a cac ham lién tuc trén Q. Ta dén véi cac khai niem nghiém trén, nghiem duéi

nhu sau:
Dinh nghia 1.3. Ham u € C?(Q) dugc goi 1 nghiém duéi (nghiém trén) néu
Au+cu>f (Au+cu < f, tuong tng) trong 2.

Ky hiéu phan duong v = max{u, 0}. Ta c6 nguyén ly cyc dai yéu cho nghiem duéi

sau:
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Dinh 1y 1.19. Cho Q la mién bj chdn trong R™ va ¢ € C(Q) la ham khong duong. Gid
situ € CHQ)NC(Q) théa man

Au+ cu > 0 trong €.

Khi do w dat GTLN khong am trén OS2, nghia la

maxu < maxu’.

Q o0
Chaing minh. Do u € C(Q),§ 1a tap compact nén c6 xg € Q dé u(zp) = maxu.
Q
TH1: hodc x¢ € 99 hodc u(zg) < 0 ta c¢6 ngay dicu phai ching minh.
TH2: 25 € Q va u(zg) > 0. Dat Q. = {z € Q: u(z) > 0} co:
e Do ¢ <0 trong €2 nén
Au > Au+ cu > 0 trong €, .

Do d6 theo Dinh Iy 1.17 ta c6

max u < maxu.
Q4 Q4

e Néuz € 90, NQ thi u(z) = 0. Do d6

maxu < maxu™.

FIo 09
e O, C Qnén tit trén ta c6 diéu phai chiing minh.
O

Céc nguyen 1y cuc dai yéu & trén ta déu c6 thé mdé rong bang cach thay toan tit
Laplace A béi toan ti elliptic
n n
L=> aj(x)d, + > bi(x)d,,
ij=1 i=1
véi a;j,b; € C(Q) vama tran (ai;)1<ij<n xac dinh duong déu, nghia la c6 hing sé duong
A\ dé .
> ay(@)6E; 2 Ml € Q€ €R™
ij

Dé chitng minh céc md rong nay ta dimng
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e néu u dat cie dai dia phuong tai zo thi ma tran Hessian tai x

(0§i$ju(a70))1§i7j§n nta xac dinh am,

e néu A, B la cac ma tran vuong cap n va déu nita xac dinh duong thi Tr(AB) > 0.
Ta khong di vao chi tiét cac md rong nay ma chuyen sang cac hé qua clia cac nguyén
Iy cue dai yéu.
Heé qua 1.20. Cho Q la mién bj chdn trong R™ va c € C(Q) la ham khong duong. Gid
sttu € C?() N C(Q) théa man
Au+ cu > 0 trong €,
uw <0 tréen Of).
Khi do u < 0 trong 2.
Toéng quat hon ta c6 nguyen 1y so sanh sau:
Heé qua 1.21. Cho Q la mién bj chdn trong R™ va c € C(Q) la ham khong duong. Gid
st u,v € C?(Q) N C(Q) théa man
Au+ cu > Av + cv trong €,
u < v trén 0S2.
Khi do u < v trong ).
Heé qué trén giai thich 1y do tai sao lai goi ham v € C?(Q) théa man Au + cu > f
la nghiém dudi.
Giéng nhu bai toan bién Dirichlet cho phuong trinh Poisson, nguyén 1y cic dai yéu
dan dén tinh duy nhat nghiém ctia bai toan bién Dirichlet cho phuong trinh
Au+ cu = f.
Dinh 1y 1.22. Cho Q la mién bj chan trong R™ va ¢ € C(2) la ham khong duong. Khi
do bai todn
Au+ cu = f trong 2,
u = @ trén OS).

vdi f € C(Q),p € C(09Q), ¢d toi da mot nghiem trong C*(2) N C(Q).
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Tiép theo ta dua ra mot s6 vi du khi hodc € khong bi chiin, hoac ¢ 1a ham duong
thi nguyen 1y cyc dai yéu hay tinh duy nhat nghiém bi pha va.

Vidu 1.1. V6i Q = R*\ B la mién khong bi chan, bai toan

Au = 0 ngoai By,
uw =0 trén 0B,

c6 nghiém khong tam thuong

log |z khi n = 2,
|z|>*”™ —1 khin > 3.
C6 thé thay riang cac nghiém nay khong thda man nguyén Iy cyc dai vi nghiem |u(z)| —
+o00 khi |z| — +o0.
Vidu1.2. V6i Q = (0,7) x---x (0,7) € R" la hinh lap phuong (bi chén), va ¢ =n > 0
bai toan
Au + nu = 0 trong €2,
u = 0 trén 02

c6 nghiém khong tam thuong u(x) = [[}_, sin ;. Khong kho dé thay u dat GTLN tai
(7/2,...,7/2) € Q.

1.3.2 Nguyén ly cuc dai manh

Dé chitng minh nguyen 1y cuc dai manh cho nghiem duéi ta can dén bd dé Hopf.
Néu u € C1(Q) dat cuc dai tai zq € 9Q thi d,u(xy) > 0, v6i v 1a phap tuyén ngoai
don vi trén bien 9. Bo dé Hopf chi ra ring néu u 1a nghiem duéi dao ham theo phap
tuyén nay thuc su duong.

Bo dé 1.23 (B6 dé Hopf). Cho hinh caumd B C R xy € OB. Gid sitc € C(B),c <0,
va u € C*(B) N CY(B) théa man

Au+ cu > 0 trong B.
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Néu u < u(zg) trong B\ {zo} va u(ze) >0 th
dyu(zg) >0
vdi v la phdp tuyén ngodai don vi trén OB.
Chitng minh. Bing phép dich chuyén ta c6 thé gia sit B = Bg. Xét caAc ham

_ 2 _ 2
w(z) =e ol — gmal”

v(x) =u(z) — u(r) + ew(x),

trong d6 céc hang sd duong «, € sé chon sau.
Do ¢ € C(B) nén c¢6 o du 16n dé

@’R* — 2na — max le| > 0.
V6i a duge chon nhu vay, va cha 7 ¢ < 0 ta ¢6
Aw(z) + cw(z) = (4a?|z]> = 2na + )e 1 — e > 0,2 € By \ Brpya.
Khi d6 tir gid thiét Au+ cu > 0 va u(xg) > 0 ¢6
Av+ v = Au+ cu+ e(Aw + cw) — cu(zy) > 0 trong Bg \ Brys.
Ta lai c6:

e Trén 0BR ¢6 w(z) =0 nén

e Trén 0Bpjs ¢6 u(x) — u(zy) < 0 nén

€= 8%25{2@(%) —u(z)) > 0.

Khi d6
v(zr) <u(x) —u(xo) + € < 0,2 € Bg)s.
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Stt dung nguyéen 1y cuc dai yéu cho v ta dugc
v(z) <0,z € B \ Bgys.

Do v(xp) = 0 nén
d,v(x0) > 0 hay d,u(x) > 20eRe .

Ta c6 diéu phai chiing minh. O
Ta chiing minh nguyén 1y cyc dai manh.

Dinh ly 1.24. Cho Q la mién bj chan trong R™. Gid sii ¢ € C(Q), ¢ <0, va u €
C*Q) N C(Q) théa man
Au+ cu > 0 trong €.

Khi dé u hodc chi ¢ thé GTLN khong am trén 02 hodc né la hdng so.
Chitng minh. Ky hieu M 1a GTLN khong am ctia u trong Q va
D={xeQ: ulx)=M}.

Tu tinh lién tuc ctia u ta c6 D dong tuong doéi trong €.

TH1: D = () ta c6 u chi c6 thé dat GTLN trén bien 0.

TH2: D # (), nghia la ¢6 21 € D. Gia stt ¢6 2o € Q\ D. Do Q lién thong nén ¢6 duong
lien tuc v : [0,1] — Q,7(0) = x1, 7(1) = x2. Lai do tinh compact nén

d(02,7(s)) > d>0,s € [0, 1].
Lai do tinh compact nén c6 day so =0 < s; < --- < sy = 1 sao cho
d(v(si),v(8iy1)) < d/2,i=0,1,...,N — 1.
C6 v(so) =21 € D,y(sy) =ax2 € Q\ D. Do d6 ¢6 i € {0,1,..., N — 1} sao cho
V(siy) € D, v(sig11) € 2\ D.
Lay z, = Y(8iy11), 7 = d(z4, D) ta c6
0 <r <dy(siy), Y(Sig+1)) < d/2 < d(x.,00)/2.

Khi d6 B,(z,) C Q,B,(z.) N D = 0,0B,(x,) N D # 0. Lay xo € dB,(x.) N D ¢6
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o u(wg) =M > 0,u(zr) < M = u(xg) khi z € B,(z,) nén theo Bo dé Hopf ta c6
dyu(xg) >0
v6i v 1a phap tuyén ngoai don vi trén 0B,(x.);
® 79 € By.(7,) C By(z.) C Q nén ¢ la diém cyc tri clia u, hay

Vu(zg) = 0.

Ta ¢6 dieu mau thuén hay Q\ D = () hay Q = D nghia 1a u 14 ham hang.
Nguyén Iy cuc dai manh duge chiing minh. ]

Tu nguyén 1y cuc dai manh ta dé dang c¢6 hé qua sau.

Hé qua 1.25. Cho Q la mien bi chan trong R™. Gid siic € C(), ¢ < 0, va u €
C%(Q) N C(Q) théa man

Au+ cu > 0 trong €,
u <0 tréen Of).

Khi dé hodc u < 0 trong Q hodc né la hing s6 khong duong.
Tiép dén hé qua vé bai toan bien Neumann.

Hé qua 1.26. Cho Q la mién bi chan trong R™ vdi bien 09 thuoc lop C cé phdp tuyén
ngodi don vi v. Gid st Q théa man diéu kién cau trong tai moi diém trén bien 02 va
c€ C(Q),c<0. Néuu e C?(Q)NCHQ) la nghiém ciia bai todn

Au+ cu =f trong €,
dyu =g trén 082,

vdi f € C(Q),p € C(09Q) thi
e hodc u la nghiém duy nhat cia bai todn khi c # 0,
e hodc cdc nghiém ciia bai todn sai khdc u mot hdang so khi ¢ = 0.

Chitng minh. Dé chiing minh hé qua nay ta sé ching minh khi f =0, ¢ =0 ¢6
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e hoac u =0 khi ¢ # 0,
e hoiic u 1a hing s6 khi ¢ = 0.

TH1: ¢ # 0. Gia st u # 0, bang cach dit v = —u, khong mat tinh tong quét ta gia st
u ¢6 GTLN duong trong 2. Theo nguyén 1y ciic dai manh ta c6:

e Hodc u 1a hing s6 duong: thi tit phuong trinh ¢ = 0, trai véi gia thiét.
e Hoiic u khong dat GTLN trong Q va c6 xo € 08 dé
u(zo) > 0 va u(z) < u(xg),x € Q.
Theo Bo dé Hopf ta c6 d,u(xg) > 0. Lai trai véi gia thiét.

Nhu vay diéu gia sit sai hay u = 0.
TH2: ¢ = 0. Dé thay hing s6 1a nghiém ctia bai toan. Gia st ¢6 v khéic hing 14 nghiem
ctia bai toan. Bing cach lay v = —u, khong mat tinh tong quét ta gia st u ¢c6 GTLN
duong trong Q. Do u khac hing nén theo nguyeén 1y cuc dai manh zy € 0 dé

u(zo) > 0 va u(x) < u(xg),x € Q.
Theo Bb dé Hopf ta c6 d,u(zy) > 0. Trai véi gia thiét. Do d6 diéu gia st sai hay chi

c6 hiang mdi 1a nghiém ciia bai toan. O

1.3.3 Danh gia tién nghiém
Nhu ta da thiy nguyeén 1y cuyc dai chi ra tinh duy nhat nghiém ctia cac bai toan
bién. Bay gio ta sé thay nguyén 1y cic dai con dan dén danh gia tién nghiem.
Dinh ly 1.27. Cho Q la mien bi chan trong R™, c va f la cdc ham lién tuc trén Q vdi
c <0, con @ lién tuc trén 8. Gid situ € C*(Q) N C(Q) théa man
Au + cu =f trong 2,
u = trén 0.
Khi do
sup |u| < sup || + C'sup |f],
Q 09 Q

trong dé C' la hang so duong chi phu thudc n va d(£2).
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Chiing minh. Dat
F=sup|f], & =suppl|.
Q o9

Khi d6

A(£u) + c(xu) =+ f > —F trong (2,

f+u ==+ ¢ < P trén 0€L.

Do Q bi chdn nén ¢6 R > 0 dé Q C Bp. Xét ham
v(z) =0+ %(R2 — |z[%).
C6 v > 0 trong Bg. Lai do ¢ < 0 trong €2 nén
Av+cv=—F+cv < —F < A(fu) + ¢(£u) trong €.
Khi z € 9Q C Br ¢6 R? — |z|*> > 0. Do d6
v > ® > (£u) trén 0.

St dung nguyeén 1y so sanh ta c6

lu| < v trong 2

hay
2

F R
[u(@)] < ® + o (B* = [af) < sup | + 5 sup |f], @ € Q.
Vay ta c6 udc lugng tien nghiem véi C' = R?*/(2n). O

Trong trudng hop dac biet Q = Bg(z) ta c6 ude lugng

2

R
sup |uf < sup o[+ o~ sup |f].
Br(zo) dBR(xo) " Bg(xo)

1.3.4 Danh gia gradient

Véi u € C?(Bgr(x)) N C(Bgr(x)) 1a ham diéu hoa trong Bg(z), Dinh 1y 1.6, bing

cach dung cong thiic Green ta c6 danh gia gradient

C
max |Vu| < — max |ul,
Bprya(z) Br(z)



1.3. NGUYEN LY CUC DAI 31

véi hing s6 duong C chi phu thuoc s6 chiéu n. Dinh 1y 1.17, bang cach dung tinh chat
trung binh cé thé chi 16 R = n. Céc cach nay déu dua vé truong hgp o = 0, R = 1.
Duéi day ta trinh bay céch khac, dua trén phuong phap ctia N. Bernstein, dé chiing
minh danh gia gradient khi z =0, R = 1.

Dinh ly 1.28. Cho u € C*(B;) N C(By) la ham diéu hoa. Khi dé

max |Vu| < C'max |ul,
B1/2 0B

vdi hang so duong C chi phu thudc so chiéu n.

Chiing minh. Lay n € C§°(By) théa man n = 1 trong Byjs va n = 0 ngoai B;. Ta sé
tim hing s6 duong a dé

A(n?|Vul? + au®) > 0 trong B. (1.11)
Lai ¢6 n?|Vu|* + au? > 0 trong Bj, nén theo Dinh 1y 1.19 ta c6

max(n?|Vul? + au?) < max(n?|Vul® + au?).
Bl 831

Tu tinh chat ctia n ta c6 danh gia gradient can ching minh. Ta con phai chiing minh
(1.11).
Ta tinh toan lan lugt nhu sau:

o A(n?) = 2nAn +2|Vn|*.
o A(u?) = 2ulAu+ 2|Vul? = 2|Vul?
e (Cong thic Bochner

A(|Vul?) = 2|V2ul* + 2Vu - V(Au) = 2|V2ul®.
o V6i p € C°(By),p >0, ¢

Ao Vul®) = [VulPAp +4 Y ortig, e, + 20|Vl

1,j=1
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St dung bat dang thiic
2

1
2
Souxixj + ;wz]uftl Z 2’@$]uxzu$z$]|

ta co )
AplVul?) > (Aso - 2@) Va2,

e Chon ¢ =n? ¢6 |[Vp|?/p = 4|Vn|*. Két hop véi céc tinh chat & trén ta co
A(*|Vul?) = 2(nAn = 3[Vn[*)[Vul* > =C|Vul?,
trong d6 C' = max 2(|nAn| + 3|Vn|?) 1a hiang s6 duong chi phu thuoc n.
T céc tinh toén tren lay o = C' ta ¢6 (1.11). O
Tiép theo ta ching minh bat ding thitc Harnack dang vi phan.
Dinh ly 1.29. Cho u la ham diéu hoa duong trong By. Khi dé

sup |VInu| < C|
Byya

vdi hang so duong C chi phu thudc vao s6 chiéu n.

Chitng minh. Dat v = Inu,w = |Vou|? Ta ciing lay n € C5°(B;) nhu trong chiing minh
Dinh 1y 1.28. Ciing gan giéng chitng minh d6, ta ciing tim hing s6 duong o dé

1
A(n*w) + 2V - V(n'w) > %n%} —a. (1.12)

Do n*w € C(B;) nén c6 diem xy € By dé n*w dat GTLN trong B;. Ta c6 hai trudng
hop sau: TH1: x5 € 0B, thi

n*(z)w(x) < n*(zo)w(ze) = 0,7 € By.
Lai tit tinh chat ctia n,w ta c6

w = 0 trong By s
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hay ta c6 danh gia can chitng minh véi C' = 0.
TH2: 2y € B; thi
V(1'w)(z0) = 0, A(n'w)(z0) < 0.
Khi d6 ti (1.12) ta c6
n*(x)w?(z0) < 2na.

Lay C = max{2na,n*(z)} ta c6
n*(2)w(z) < n*(zo)w(z) < C,x € By,

Tt tinh chat ctia 7 ta ¢6 danh gia can chiing minh véi C' = max{2na, n*(xo)}.
Ta con phai chitng minh (1.12). Nhéc lai v = Inu,w = |Vu|?
Ta tinh toan lan lugt nhu sau:
A
o Au="" |Vo]? = —w.
u

o Aw=2|V%|*+2Vv-V(Av) = 2|V?0|? — 2Vv - Vw.

e VGi p € C°(By), 9 >0co

A(pw) = wAp + 4 Z PV Vaia; + 20| V20> = 20V - Vw

ij=1

hay

A(pw) +2Vv - V(pw) = wAp + 4 Z P Vg, Vaa; + 20| V20> — 20V - Ve
ij=1
St dung cac bat déng thtc
2
(pvixj + 7%1}51 Z 4|¢$‘jvxivmi$]’|

[Vol*

1
V3" > —|Avf* = ,
n n

v

wVv - V| < [Vg| x [Vof?
ta co
A(pw)+2VoV (pw) >

4 2
2%|Vv|4 —2|V| x |[Vv|]* + (Acp — %) |Vl

33
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e Chon ¢ =n* c6

’ 2

|Ap| = 12|Vn|*n* + 4nAn, = 64|Vn|*n>.

Ve
2
Két hgp véi tinh todn & trén

Apw)+2VoV (pw) >

4
>L|Vo|' = 80 [Vn| x [Vl + 4o (ndn — 13|V7[?) [V o]

e Do ne C§°(B;) nén

4

t
3 ~ 8Vl +4(mAn —13[n)¢* > —a, t € R,
n

v6i hang s6 duong o chi phu thuoc n, n.

Két hop toan bo tinh toan trén véi t = ntw ta c6 (1.12). H

1.3.5 Khit ky di

Nhéc lai nghiém co ban ctia phuong trinh Laplace

— In |z khi n = 2,

——|x[*™™ khin>3.
(2—n)wn|x| Hh=

Céc nghiém nay thoéa man phuong trinh Laplace tai moi diém trit gbc toa do, va ching
déu bi hit ra vo cling 6 goc. Dudi day ta sé thay ky di ¢o lap ctia ham diéu hoa c6 thé
khit duge néu chiing t6t hon nghiém co ban tai do.

Dinh 1y 1.30. Cho u la ham diéu hoa trong B \ {0} C R™ va théa man

_ i )
u(z) = o(I'(z)) nghia la \glc|—>0 Ta) 0.

Khi dé ta c¢é dé dinh nghia ham u tai goc dé né trd thanh ham diéu hoa trong Bp.
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Chitng minh. Khong méat tinh tong quat ta gia st u lien tuc dén mat cau Bg. Khi dé

st dung cong thiic tich phan Poisson, bai toan bién Dirichlet

Av =0 trong Bkg,

v =u trén 0Bg
c6 nghiém v 14 ham diéu hoa trong Bg. Dat M = maxu. Theo nguyén 1y cuc dai ta c6
OBr
lv] < M trong Bg.

Ta chi con phéai ching minh u = v trong Bg\{0}. Dit w = v—uva M, = max lom|,0 <
r < R. Do w =0 trén Bi nén

I(z/R)
"T(r/R) =

w(z) < M, trén 0B, U 0Bg.

Lai c¢6 w(z) va CT(z/R) 1a cAc ham diéu hoa trong By \ B, nén theo nguyén 1y so sanh

ta co
lw(x)| < M, ?Ei;]];) trong Bg \ B,.
Lai c6
M =gl = Mg
nen

I'(x/R) maxyg, |u
lw(z)| < MF(T/R) + T0r/R) I(z/R),r < |z| < R.

C6 dinh = € Bg \ {0}, lay r € (0, |z|) va cho r — 0% ta c¢6 diéu phai ching minh. [

1.3.6 Phuong phap Perron

Trong muc nay ta xét Q0 C R™ 1a mién bi chin vé6i bien 0€).
Truée hét ta can dén mot s6 két qua vé ham diéu hoa dudi va ham diéu hoa trén. Nhic
lai ham v € C?(2) duge goi la diéu hoa dudi (diéu hoa trén) néu Av > 0 (tuong ting
Av <0). Dé giai bai toan bieén Dirichlet cho phuong trinh Laplace trén mién bi chan
bat k¥, Perron mé rong khai niém diéu hoa dudi, diéu hoa trén cho 16p ham lién tyc.

B6 dé su gitp ta cach md rong.
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B$ dé 1.31. Cho v € C2(Q). Khi dé v la ham diéu hoa dwdi khi va chi khi

vdi bat ky hinh cau B C Q, bat ky w € C(B) ma w diéu hoa trén B
néu v < w trén bién OB thi v < w trong B.

Chaing minh. Chiéu ” = 7 dugc chiing minh nho nguyén 1y cuc dai.

” <« 7 bang phan ching, nghia la c6 mot diem zy € Q ma

Ta chitng minh chiéu
Av(zp) < 0. Do Q la tap mé va v € C%(Q) nén ¢6 hinh cau déong B C Q véi tam g
sao cho

Av(z) <0,z € B.

Lai ¢6 v|gp 1a ham lién tuc nén bai toan bién Dirichlet cho phuong trinh Laplace trong

hinh cau

Aw = 0 trong B,

wlop =

c6 duy nhat nghiem w € C(B) la ham diéu hoa trong B va w = v trén dB. Khi d6 tit
gid thiét ta c6 v < w trong B.

M3t khac, do A(w —v) > 0 trong B,w —v = 0 trén 0B nén tit nguyén ly cuc dai ta ¢6
diéu mau thuan.

Ta chiing minh xong Bo dé. O

Mot céch tuong ti ta ciing c6 B6 dé cho ham diéu hoa trén. Chi tiét xem nhu bai

tap. Tt cac Bo dé nay ta mé rong khai niem diéu hoa trén, diéu hoa dudi nhu sau:
Dinh nghia 1.4. Ham v € C(9) dugce goi la diéu hoa dudi néu

v6i bat ky hinh cau B C Q, bat ky w € C(B) ma w didu hoa trén B
néu v < w trén bien 0B thi v < w trong B.

Mot cach tuong ting, thay dau” <7 béi” > 7 ta c¢6 dinh nghia cho ham diéu hoa trén.
V6i cach dinh nghia dung toan tit Laplace ta co:

"dieu hoa dudi + dieu hoa trén = dieu hoa."
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Di nhién ham diéu hoa ciing vita 1a diéu hoa duéi, vita dieu hoa trén theo cach dinh
nghia méi. Cau héi: véi dinh nghia mé rong khang dinh trén con ding khong?
Tiép dén két qua vé mdi quan heé gitta diéu hoa dudi va diéu hoa trén, két qua md rong

nguyén ly so sanh cac ham diéu hoa.

Bo dé 1.32. Cho u,v € C(Q). Gid sit u la ham dieu hoa dudi con v la ham dieu hoa
trén trong () thoa man
u < v trén O0S).

Khi do u < v trong €.
Ching minh. Dat M = max(u — v) va
Q

D={zeQ: ulz)—v(r)= M}

Do tinh lién tuc ta c6 D la tap déng trong 2. Ta sé chiing minh D la tap mdé trong (2.
Khi d6 tit tinh lien thong ctia © ta dan dén hai tinh hudng

e D=0 thi u(z) —v(z) SM:r%%x(u—v),xGQ,
e D=Qthiu(z)—v(z)=MzeQ.

Khi d6 tit méi quan heé gitta u, v trén 0 ta c6 diéu phai chitng minh.
Gio ta ching minh D mé trong Q. Lay zp € D C €. Do Q 1a tap mé nén c6 hinh cau
déng B C Q v6i tam zy. Do u, v lien tuc trén OB nén cac bai toan bien Dirichlet cho

phuong trinh Laplace trong B sau

Au =0 trong B, . Av =0 trong B,

c6 duy nhat nghiem. Khi dé6 ta c6
e tit tinh diéu hoa dudi ctia u, dicu hoa trén ciia v ta c6

uﬁﬂ,vzﬁtrongf?

u(zg) — v(xo) > u(xg) — v(x) = M,
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o (u—1)lop = (u—v)lop < M,
o A(u—17v) =0 trong B
nén ap dung nguyéen 1y cuc dai cho ham diéu hoa @ — v trong B ta cd
@ — v = M trong B hay u — v = M trén 0B.

Nhu vay 0B C D. Diéu nay ding v6i bat ky hinh cau B C © ¢6 tam tai 2o nén D mé
trong €. Ta két thic chiing minh B dé. O

Ta can thém tinh chat nita cia ham diéu hoa dudi:

Bo dé 1.33. Cho v € C(Q) la ham diéu hoa dudi trén Q. Gid st ham w € C(Q) théa

man: cé hinh cau dong B C 2 sao cho

w=v trong Q\ B,

w diéu hoa trongB.
Khi dé w la ham diéu hoa dudi trong Q va v < w trong Q.

Chitng minh. Tu tinh diéu hoa dudi clia v ta c6 ngay v < w trong B. Tu d6 ta c6
v < w trong Q.

Ta con phai chiing minh tinh diéu hoa duéi clia w bang dinh nghia. Lay hinh cau déng
B' Cc Qvau € C(B') didu hoa trong B’ va w < u trén dB’. Viéc con phai chiing minh
ltc nay w < u trong B'.

Cé v < w trong Q vi w < u trén OB’ nén v < u trén dB’. Lai ¢6 v 1a ham diéu hoa
duéi trong Q va u diéu hoa trong B’ nén v < u trong B’.

TH1: BN B = thi B C Q\ B. Tt gia thiét w = v trong Q \ B ta c¢6 w < u trong
B’ hay diéu phai chiing minh.

TH2: BN B’ # (). Tuong tu TH1 ¢6 w < u trong B'\ (BN B’). Viéc con phéi chiing
minh lic nay w < w trong BN B'. Dé ¥ rang w,u la cac ham diéu hoa trong BN B’
nén theo nguyén 1y so sanh ta chi con phai ching minh w < u trén 9(B N B’). Tu gia
thiét ta c6 w < w tréen (BN B')NOB’. Lai ¢6 w < u trong B'\ (BN B') nén w < u
trén (B N B') N OB. Ta hoan thanh chiing minh cho B de. O
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Dén lic ta c6 thé chi ra sy ton tai nghiém ctia bai toan bién Dirichlet cho phuong

trinh Laplace trong mién bi chin  bing phuong phap Perron. Cu thé xét bai toan

Au = 0 trong €2, (1.13)

— 1.14
ul =¥ (1.14)

véi ¢ € C(09).
Ky hiéu

S, ={v € C(Q) : v didu hoa dusi trong (2,
v < o trén 00}.
Gia stt u 1 nghiém ctia bai toan (1.13)-(1.14). Khi d6, khong kho dé thay
o ucS,,
° néquS@thivgutrongQ

nén u = sup S,. Perron khang dinh diéu ngugdc lai ding. Dusi day ta sé titng budc
chiing minh khang dinh nay.

Dinh 1y 1.34. Dat u, = sup S,, nghia la u,, : Q — R la ham zdc dinh bdi

uy(x) = sup v(z),x € .
vES,

Khi dé u, diéu hoa trong .
Chiing minh. Do 0N 1a tap compact, ¢ € C'(0f2) nén c6
—o0o<m=miny <maxy =M < +o0.
o9 o9
Dé ¢6 cac ham hang m, M thudc S, va tit nguyén 1y so sanh
v < M trong Q,v € S,.

Do d6 S, # ) va u, hoan toan xac dinh trén Q.

Dé chitng minh u, 13 ham diéu hoa trong € ta sé chitng minh né diéu hoa trén hinh
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cau B C Q bat ky.
Truée hét ta c6 nhan xét néu vy, vy € S, thi max{vy, v} € S,.

Lay B la hinh cau tam zy va B C . Do u, = sup S, nén c6 day cac v; € S, sao cho

lim v;(20) = uy(20).
71— 00

Do m € S, nén theo nhan xét trén ta co6 the gia st m < v; < u, trong Q.

Do v, 1a ham lién tuc nén bai toan bién Dirichlet trong hinh cau B
oB

Aw; =0 trong B,

Wi =U;
0B

c6 duy nhéat nghiem. Khi d6 1y w; = v; trong Q \ B. Theo B6 dé 1.33 ta c6 w; € S, va
v; < w; trong Q. C6 day w;, € N, 1a day bi chin déu m < w; < M, diéu hoa trong B
nén no, c6 day con, hoi tu déu trén ting compact dén ham diéu hoa w trong B. Viéc
ching minh u, 13 ham diéu hoa trong B ta sé ching minh u, = w trong B.
C6 ngay u,(xg) = w(x). Lay T € B\ {zo}. Bing cach tuong tu trén ta c6 day cac
ham v; € S, sao cho
iliglo 0;(Z) = uy,(T).

Nhu trén ¢6 w; € S, nén theo nhan xét trén ta c6 the gia si

w; < v; < uy, trong Q.
Lai tuong tu trén ta xay dung ducce day cac ham w; € S, hoi tu déu trén tiing compact
trong B dén ham diéu hoa @ sao cho

wigﬁigwigu@trongﬂnénwgw

va w(T) = uy,(Z), w(zo) = up(zo) = w(xo).

Khi d6 w — @ diéu hoa trong B va
w—w <0 trong B,w(zg) — @(xg) = 0.
Theo nguyeén 1y cuc dai ta c6 w — @ = 0 trong B. Do do
w(T) = w(Z) = uy,(z).

Do 7 la diém bat ky trong B nén ta cé diéu phai chitng minh, nghia I3 u, diéu hoa

trong B v do do6 dieu hoa trong €. O
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Tiép tuc quan sat dicu kién bién, ta can khai niem ham chin (barrier function).

Dinh nghia 1.5. Vi mdi 74 € 92 ham w,, € C(Q) dugc goi 1a ham chan tai diém

néu n6 thoéa man cac dieu kién sau
e w,, 1a ham diéu hoa duéi tren €,
o w,(z9) =0 va wy(z) < 0,2 € 0N\ {0}

Cau héi: lisu ¢6 ham chin hay khong? cu thé hon mién nhu nao c¢6 ham chan?
Mién © duge goi la thoa man dicu kién hinh cau ngoai (exterior sphere condition) tai
diém x¢ € 9Q néu c6 hinh cau B,,(yo) nam ngoai 2 va chi tiép xtic v6i Q tai ding mot

diem xzg, cu the

Khi d6 €2 ¢6 ham chan tai x
Wzo = '@ — yo) — T'(w0 — o).
Khai niem ham chan cho ta két qua sau:

Bo6 dé 1.35. Gid st tai zo € 0 ¢6 ham chan Wey- Khi do

lim u,(x) = ¢(z0).

T—x()
e

Chitng minh. Dé chiing minh B6 dé nay ta chiing minh

lim sup |uy,(z) — p(x0)] < €
=T
zeQ

v6i bat ky € > 0.
C6 dinh € > 0. Do ¢ € C(99) nén ¢6 6§ > 0 de

lo(x) — @(z0)| < €,2 € 02N Bs(xo).

Lai do 99\ Bs(zo) 1a tap compact, w,, 1a ham lién tuc tréen Q va w(z) < 0,7 # x,
nén c6 K = K(8) > 0 dé

—Kw,,(r) <2M = 21%%};@,% € 00\ Bs(xo).
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Do dé
lp(z) — p(x0)| < € — Kwyy (), x € OQ.

Khong kho dé thay
e do w,, 13 ham diéu hoa dudi nén ¢(zg) — € + Kw,, 1a ham diéu hoa duéi trong €,
o o(xg) — €+ Kwy, < trén 0N,
Nhu vay ¢(zg) — € + Kw,, € S, va
o(ro) — € + Kwy, < uy, trong Q. (1.15)
Tuwong tu trén ta co
e do w,, 1a ham diéu hoa dudi nén ¢(z) + € — Kw,, la ham diéu hoa trén trong €,
o o(rg) +€— Kwy, > ¢ trén 09Q.

Theo Bb dé 1.32 ta c6
o(wo) + € — Kwy, > uy, trong Q. (1.16)

T (1.15)-(1.16) ta c¢6
|up(z) — p(x0)| < € — Kuwyy(z), 2 € Q.
Do w,, € C(Q) VA wa, (70), cho & — g, € €, ta c¢6 didu phai chitng minh. O

Tém lai ta da ching minh duge Dinh 1y vé sy ton tai nghiém cho bai toan bién

Dirichlet ctia Perron.

Dinh Iy 1.36 (Dinh Iy Perron). Cho Q la mién bi chin théa man moi diém trén bién
O déu c6 ham chan. Khi dé vdi bat kj ham ¢ € C(09Q) ta ¢d u, = sup S, la nghiém
cia bai todn (1.13)-(1.14).

1.4 Phuong trinh Poisson

Trong muc nay ta nghién cttu phuong trinh Poisson

Au = f.
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1.4.1 Nghiém co6 dién

Nhic lai dong nhét thitc Green, khi u € C?*(Q) N C(Q)

u(z) = /Qf(x —y)Ayu(y)dy — / (F(a: — )0y, u(y) — u(y)o,,I'(x — y)) ds,.

o0N

Khi u € C§°(2) ¢6 u = 0 gan bien JQ nén d,,u(y) = 0 trén bien 9. Do d6
@) = [ T = n)a,u(0)dy

Tich phan nay dugc goi la thé vi Newton. N6 1a goi ¥ dé ta tim nghiéem cho phuong
trinh Poisson. N6i cach khéc, dudi day ta sé chi ra thé vi Newton cho ta nghiém co
dién ctia phuong trinh Poisson.

Truée hét ta quan sat céc tiém can, khi y — «

Injz —y| khin=2,
[z —y) ~
|z —y|*™™ khin >3,

V(@ —y)~ |z =yl VI(z—y)~]z—yl™"
Ma
o khin=2c6 [, In(1/|z|)dr = 27 [ rinrdr = 7/2,
o khin>3co [, [z "dr = w, fol rdr = w,/2,
e cOn

1
2| dr = w,, |z| " dx = wn/ rtdr = 4o0.
By B 0

V6i © 1a mién bi chan trong R, néu chi doi héi f bi chin trong Q thi thé vi Newton
orle) = [ Do = ) rw)y
Q

hoan toan xac dinh va la ham thuoc 16p C'. Tuy nhién nhu thé chua thé la nghiem
co dién ctia phuong trinh Poisson. Dé 1a nghiém ciia phuong trinh Poisson ta can ting

diéu kién vé tinh tron ctia f. Cu thé ta can dén bo dé sau:
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Bo dé 1.37. Cho Q la mién bi chan trong R™, f la ham bi chan trén Q va wy la thé
vi Newton. Gid st f € C*1(Q) vdi s6 nguyén k > 2. Khi dé w; € C*(Q) va théa man
phuong trinh Poisson trong Q. Hon nia néu f la ham tron trong Q thi wy cing tron
trong €.

Chiing minh. Trude hét ta xét truong hop f c6 gia compact trong Q. Khi d6 ta c6 thé
hiéu f xac dinh trén toan R", c6 gia tri bang 0 ngoai Q. Do ¢6 gia compact trong €2

nén tir gid thiét vé do tron ta van c¢6 f € CF1(R") va
orle) = [ -y = [ T+ 2
Do I' € LY(R™), f € C¢~*(R™) nén

Opwi(z) = /n ['(2) fo,(x + 2)dz = /n L(2)f.,(z+ 2)dz
__ / T.(2)f(x + 2)d=.

Tiép tuc dao ham cap a,|a| <k —1, ¢6

0%0p,wy(z) = —/ [.,(2)02 f(z + 2)dz.

n

Nhu vay néu f € Co~ () thi wy € C*(). Hon nita néu f € C°(Q) thi wy € C(N).

Ngoai ra, véi moi z € € ta ¢6

Boyla) =Y ta o) = = [ STl + 21

R™ =1

=— lim I, (2)fs(x+ 2)dz
e—07t
e<|z|>R
trong d6 R = R(x) dt 16n dé x + Q C Bg, chang han R = |z| + 2d(9).
St dung cong thitc Green thtt nhat v6i chu ¥ supp f € Bg va AT = 0 trong Bg \ B,
ta co
/ . (2)f(x+ 2)dz = / 0, I'(2)f(x + 2)dS..

e<|z[>R OB
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1

Lai ¢6 tréen mat cau 9B, ¢6 9,I'(z) = —
wnen—l

nén

) 1
Aw(z) = lim -
=0t W€ Jop.

fx+ 2)dS, = f(z).

Ta da ching minh bo dé cho trudng hop f ¢6 gia compact. Ta tiép tuc ching minh
truong hop tong quat. Lay x¢ € Q. Ta chi can chitng minh b6 dé & quanh diém x,. Do
Q 1a tap mé nén c6 r > 0 dé B,(zo) C Q. Lay ¢ € C°(B,(1)) théa man ¢ = 1 trong
By j2(0).

e () f(+) c6 gia compact nén theo chiing minh trén

orle) = [ Tl =)l fw)dy
thuoc 16p C*(Q) khi f € C*~1(Q), tron khi f tron. Hon nita

Awyp = f trong B, /a(xo).

e Con

/Q Pz — y)(1 — o(y)f(y)dy = / D(z - y)(1 - o(y))f ()dy

Q\B, s (x0)
13 ham dieu hoa trong B, 4(xo) vi v6i mdi y & B, a(xo) o
I'(- — y) diéu hoa trong B, /4(z)
va (1 — ¢(+))f(+) bi chan trong €.
Tt day ta hoan thanh chiing minh bd deé. O

B6 dé trén cho ta biét do tron cia thé vi Newton, nghiem dic biét ctia phuong
trinh Poisson. Tiép theo ta chi ra d6 ciing 1a tinh chat chung cho nghiém ctia phuong

trinh Poisson.

Dinh 1y 1.38. Cho Q la mot mien trong R™, f € C(Q). Gid st u € C*(Q) la nghiém
ctia phuong trinh Poisson trong Q. Néu f € C*1(Q), s6 nguyén k > 2, thi f € C*(Q).
Hon nita néu f tron thi u tron trong €.
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Chaitng minh. Tinh tron c6 tinh dia phuong nén ta chi can xét trong cac hinh cau déng
B c Q. Khi d6 theo B6 dé 1.37 thé vi Newton wyp € C*(B) néu f € C*1(Q),k > 2.
Khi do

Awyp = f trong B.
Dit v = u — wy p ta ¢6 v 1a ham diéu hoa trong B. Do d6 u € C*(B) véi bat ky hinh
cau B C Q
Khi f tron trong Q thi u tron trong B vé6i bat ky hinh cau B C Q.
Ta hoan thanh chiing minh. ]

T két qua nay ta giadi duge bai toan bién Dirichlet cho phuong trinh Poisson.

Dinh 1y 1.39. Cho Q la mién bi chdn trong R™ théa man diéu kién cau ngodi tai moi
diém trén bien, f la ham bi chin, thuoc ldp C trong L va ¢ la ham lién tuc trén bién
0. Khi dé cé nghiém u € C*(Q) N C(Q) ciia bai toan bién Dirichlet

Au =f trong €,

u = trén 0.
Hon niia néu f € C(Q) thi u € C>=(RQ).
Chiing minh. Lay w; 1a thé vi Newton ctia f trong Q. Theo B dé 1.37 ta ¢6 wy €
C%(Q)NC(Q) va Awy = f trong Q. Dat v = u — wy ta c6
Av =0 trong €2,
v =p —wy trén 0.

C6 ¢ —wy € C(9Q) nen theo Dinh 1y 1.36 bai toan trén c6 nghiem v € C*(Q) N C(Q).
Nhu vay nghiém v = v + wy théa man bai toan trong dinh ly. Lai theo Dinh 1y 1.38,
néu f tron thi v cling tron trong €. ]

Liéu ta c6 thé gidam do tron ctia f ma vAn c6 cac két qua trén khong. Vi du sau cho

thay néu f chi lien tuc thi c6 thé khong coé.
Vidu 1.3. Lay u : B; — R xac dinh bdi

(23— 23)(— nJa)'2  Khiz £0,
0 khi z = 0.

u(zr, 25) =
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Vé6i z € By \ {0}, tinh toan ta duge

12 (2} — x3)
el el 2
1/2 _ y(2] — 23)
2|22 (= In |2])1/2
222 xt 4 4x?x? — b
o 9(—] 12 1 1 1Ty — Ty \
U \ e T S ey 2
 2i(af —aj)
4lz]4 (= In|a])3/2’
Ugyze = — 2(_ In ‘x’>1/2 + (
 wi(x] - 23)
Ala[*(—In [z])3/2’

Uz, =2x1(— In |x|)

Uz, = — 2x9(—In|z|)

222 B rf — 42222 — 23 _
2?2z (= In |z[)1/2

Au = f trong By \ {0}

v6i

2 2 9 )
flz) = |22 {(_ In |z|)1/2 + 4(—1n|:p|)3/2} ,x € By \ {0}.

C6 thé thay néu lay f(0) =0 ta c6 f € C(B;). Tuy nhién

ttz,(0,0) = lim h(—In |h[)/% =0,

1
1 _ e 4 ) _
Uzy 2 (0,0) ’1111% (2( In|h|) 2(—ln\h\)1/2) +00

nén u ¢ C*(By).

Ta sé chiing minh véi f € C(B;) nhu trén phuong trinh Poisson khong c¢6 nghiém trong
C?*(By). That vay, gid st n6 ¢6 nghiem v € C*(By). Khi d6 w = u —v € C(By) 1a ham
diéu hoa trong By \ {0}. T Dinh 1y 1.30 vé ky di khit duge ta c6 w 13 ham diéu hoa
tren By. Do d6 uw = w + v € C%(By). Ta c6 diéu vo ly.

C6 thé chang, ta chi can gid thiét f nam gita C(Q) va C1(Q), chang han trong
khong gian Holder C%(€2),0 < o < 1? Dén day ta gip ly thuyét Schauder.
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1.4.2 Nghiém yéu
Trong muc nay ta tim nghiém yéu trong khong gian Sobolev ctia bai toan

—Au =f trong €2, (1.17)
u =0 trén 012, (1.18)

trong d6 2 1a mién bi chin trong R™.

Truée hét ta dua ra khai niem khong gian Sobolev.

Dinh nghia 1.6. Khong gian Sobolev H!(Q) gom cdc ham f trong L*(2) c6 cac
L?—dao ham trong €, nghia 1a ¢6 cac 0,,f € L*(Q), i = 1,n, théa man

[ os@ptais == | f@onpta)d
Ta n6i d,, f 1a L?—dao ham riéng theo bién z; cta f.
Vidy 14, Liy Q = (=1, 1), 2] € L2(~1,1) 6 L>—dao ham I

(Jz])" = sgn(z) € L*(~1,1).
Do d6 |z| € H'(—1,1). Tuy nhién sgn(z) ¢ H'(—1,1).
Dé ¥ ring, néu u € C?(Q), p € CH(Q) thi tit cong thitc Green thit nhat ta c6

/S]Au(x)gp(x)dx =— /Q Vu(z) - V(z)dz.

Tit day, véi f € C(Q), ham u € C?(2) théa man phuong trinh Poisson
—Au = f trong
khi va chi khi
/Q f(@)p(x) = - /ﬂ Vu(x) - Vo(a)de, ¢ € CHQ). (1.19)

Diéu nay gdi ¥ cho ta cach dinh nghia nghiém yéu nhu sau.

Dinh nghia 1.7. Cho f € L*(Q),u € H'(Q). Khi d6 u dugc goi la nghiem yéu ctia
phuong trinh Poisson —Au = f trong Q néu (1.19) xay ra véi moi ¢ € C}(Q).
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Dé giai bai toan (1.17)-(1.18) ta thu hep khong gian H'(£2). Ta ky higu
C={uecC'(Q)NC): u=0 trén 0Q}.
Nho bat dang thiic Poincare ta c6 tich vo huéng trén C

(u,v) g = / Vu - Vudz.
Q

Tich vo6 huéng nay sinh ra chuan trén C

1/2
lullg = ( [ 1)

Dé ¥ ring, v6i méi f € L?(Q) xac dinh mot phiém ham trén C
F:p— / f(@)p(z)d.
Q

Tt bat ding thiic Cauchy-Schwarz va bat dang thitc Poincare dan dén F' la phiém ham
tuyén tinh bi chan trén (C, || |[g1). Néu C v6i chuan || - || 1a khong gian Hilbert thi
theo Dinh ly biéu dién Riesz c6 duy nhat mot ham u € C dé

(u, )up = Flp), ¢ € C.

Khi d6 v 1a nghiém yéu ctia phuong trinh Poisson. Két hop véi tinh chat khong gian C
c6 u =0 trén I ta c6 u la nghiém yéu cia bai toan (1.17)-(1.18).
Tuy nhién C lai khong day du theo chuan || - || g3 neén 1ap luan trén mdi chi dimg lai 6

truée Dinh 1y biéu dién Riesz. Ta can lam day C.

Dinh nghia 1.8. Khong gian Sobolev H}(Q2) 1a khong gian lam day C2(£2) béi chuan

- g

Khong khé khan dé thay C € H (). Tuy nhién dinh nghia trén khong cho ta thay

nhitng ham thuoc H} () thi nhu nao? Két qua sau lam r6 diéu nay.

Dinh 1y 1.40. Khong gian H}(Q) la khong gian con cia H'(QY) va la khong gian

Hilbert vdi chuan || - |-
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Chitng minh. Truée hét ta ching minh H}(Q) € H'Y(Q), nghia la v6i day Cauchy
{vi}ien trong C3(Q) theo chuan || - ||z hoi tu trong H'(Q). That vay, do Cauchy theo
chuan || - ||z nén day céc dao ham rieng {0, vi}ien la céc day Cauchy trong L*(€).
Tit tinh day dt ctia L2(Q) nén c6 cac ham wu;, € L*(Q) dé

||8xkvz — Uk||L2 — 0 khi k — oc.
Lai tit bat dang thic Poincare c6
|[vi = vj][r2 < COllvs — Uj||Hg

nén day {v;}ien 12 day Cauchy trong L*(Q). Lai do tinh day di c6 day {v;}ien hoi tu
dén mot ham w trong L?(2). Diéu nay cho thidy mdi ham trong Hj(2) la ham binh
phuong kha tich trong Q, hay H}(Q) C L2(Q). Dé chi ra H} () € H() ta con phai

chting minh cac uy, chinh la cadc L?—dao ham riéng theo bién x; clia u, nghia la
[ @i = - [ w@on oz € C@)
Q Q

Diéu nay c6 duge nho

hrnzﬁoo H&Ekvz — UkHL2 = O, hmlﬁoo H’Ul — 'U/HLQ = 0,

o | Jo(Ouvi — ur)pdz| < |05, v — k|| 2] || 2,
o | Jo(vi — )0 pdz] < ||0pvi — upllr2||0upl| 2,
i fQ Op Vitpdr = — fQ 0; 0, pd.

Nhu vay H}(Q) € HY(Q) c6 tich vo huéng (-, gz, trong d6 cac dao ham rieng duge
hiéu 13 L?—dao ham riéng, 1a khong gian Hilbert. [

T két qua trén, quay trd lai lap luan trude, ta dung Dinh 1y bic¢u dién Riesz cho
phiém ham F trong khong gian H}(Q2) ta dugc két qua sau:

Dinh ly 1.41. Cho Q la mién bi chin trong R", f € L*(Q). Khi dé phuong trinh
Poisson —Au = f ¢6 nghiém yéu trong H} ().
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N6i chung nghiém yéu trong Dinh Iy 1.41 khong théa man diéu kién bién theo nghia
ting diem. Ly do bien 9 c6 do do khong, con u chi 1a ham do duge. Ta sé hiéu dicu

kién bién theo nghia lay vét nhu sau:
u c6 mot day cac ham v; € C}(Q) hoi tu dén v theo chuan || - |-

Ta n6i nghiém u trong Dinh 1y 1.41 14 nghiém yéu ctia bai toan (1.17)-(1.18).
Ta c6 thé héi vé do tron ctia nghiém u trong Dinh 1y 1.41. Khi d6 ta gap cac khong gian
Sobolev H™(2),m € Z,. Khong gian nay gom cac ham trong L*(Q) c6 cac L*—dao

ham rieng dén cap m trong Q. N6i s6 qua vé khia canh nay ta c6 két qua tdi vu:
Néu Au € H™(Q),m € Z, thi u € H™*(Q).
Ta chuyén sang cach tiép can khac vé viéc tim nghiém yéu ctia phuong trinh Poisson
—Au = f trong €2

trong HZ () bing cich ciyc tiéu hoa phiém ham nang lugng

J(u):%/Q]VuIQda:—/qud:c.

Lay u € HY(Q),p € C3(Q) ¢
1
J(u—Hp)—J(u)—i——/|Vg0|2dx+/Vu-Vg0dx—/f<pdx.
2 Jg Q Q

Néu w 1a nghiém yéu ctia phuong trinh Poisson —Aw = f thi u chinh la diém lam
phiém ham J dat GTNN trong tap cac ham thuoc H'() c6 cung gid tri bién, theo
nghia vét.

Tiép dén ta chiing minh trong nhitng ham thuoc H'(Q) ¢6 cuing gia tri bién, theo nghia
vét, ham cuyec tiéu héa phiém ham ning luong J chinh 1a nghiém yéu ctia phuong trinh

Poisson. That vay, véi bat ky ¢ € C3(Q), c6
J(u+ep) > J(u),e € R.

N6i cach khac ham j : R — R
j(e) = J(u+ep)



52 CHUONG 1. PHUONG TRINH LAPLACE

dat GTNN tai € = 0. Theo Fermat ta c¢6 5/(0) = 0. Tinh toan
7'(0) = im(J(u + he) — J(u))/h = / Vu-Vpdr — / feda.

Tu day ta c6 u 1a nghiém yéu ctia phuong trinh Poisson.

Nhu vay ta da chi ra nghiem yéu ctia bai toan (1.17)-(1.18) chinh I diém cyc tiéu hoa
phiém ham J trong khong gian Hj (). T tinh lién tuc duéi yéu ctia phiém ham J trén
H;(Q2) va Dinh 1y Rellich vé phép nhing compact Hg(Q2) < L*(Q), va tinh phan xa
clia H}(€2), phiém ham J c¢6 duy nhat mot diém cyc tiéu héa trong HE (). Ta khong

di sau vao van dé nay & gido trinh nay.



