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Chuong 1

Phuong trinh truyén nhiét

1.1 Bién doi Fourier

1.1.1 Cac tinh chit co ban

Trude hét ta dinh nghia khong gian cac ham gidm nhanh Schwartz 8§ gom cac ham
¢ € C*(R™; C) sao cho 2°9“u(x) bi chan trong R", véi bat ky «, 8 € Z1.
° z|? z|?
Vi du 1.1. Vi dy dién hinh e="5~ € 8. Nhitng vi dy khéc 2%~ 2 € 8, o € Z7.
Khong gian 8 1a khong gian véc-to tren truong C. Anh xa 14y dao ham riéng cip
o € Z7 cang la dnh xa tuyén tinh trong 8. Ngoai ra, v6i ham a € C*°(R") théa mén:
v6i bat ky a € Z7 déu ¢6 C, > 0,m, € Z, sao cho

0%a(2)] < Ca(l+[a|*)™ z € RT,

anh xa ¢ — ap la anh xa tuyén tinh trong 8.

Vidu 1.2. Anh Xa
'

|_>—
I o

la anh xa tuyén tinh trong 8.

Pinh nghia 1.1. Véi u € 8, bién d6i Fourier ctia v duge xéc dinh béi

u() = (27r)_”/2/ e~ tu(x)d.

n

1
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Vi du 1.3. e 0P2(¢) = e IR/,

Bién doi Fourier 1a 4nh xa tuyén tinh trong 8. Diéu nay dugc ching minh nho b

de sau:

(@)%

Bo dé 1.1. Chou € 8. Khi dé @ € 8. Hon nita vdi bit ky o, B € Z ¢6

0ou(€) =(i€)"a(€),
9°a(€) = (i) zPu ().

Bién déi Fourier con la mot déng cau trong 8 véi bién ddi Fourier ngudc

u(zr) = (2%)_”/2/ e tu(€)de.

n

Mot s6 tinh chét ctia bién doéi Fourier:

—

Ménh dé 1.2. (i) Vdiu € 8,a € R* c6 u(- — a)(&) = e~ (E).

(ii) Vdiue 8 keR\ {0} cdu(k)(€) = |k|ma(E/k).

(iii) Véiu,v € $ co

[ i

Bién déi ngudce Fourier ciing c6 cac tinh chat tuong tu trén.
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Trong tinh chat (iii) phép tich chap duge dinh nghia

uxv(z) = / ulr — y)o(y)dy

la phép toan trong 8.
Dang thiic cudi trong tinh chat (iii) dugc goi la dang thitc Parseval. Tt d6 lay u = v
ta c6 dang thic Plancherel

[lull2 = [|a]| 2.

Khong kho dé dan dén dinh nghia bién déi Fourier trong L?(R™) tit déng thiic Plancherel ]
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1.1.2 Vi du dng dung bién déi Fourier

Bién déi Fourier gitp ta giai phuong trinh dao ham riéng v6i hé s6 hing, mot viec

dudc coi rat khoé vao dau thé ky XX. Duéi day ta xét mot sd vi du don gian.

Vi du 1.4. Xét phuong trinh
—Au+u = f trong R". (1.1)
Bang cach dung tich phan ning luong

]:/ |Vu(x)|*dx

ta dan dén tinh duy nhat nghiém ctia phuong trinh (1.1) trong 8. Tiép theo ta sé& chi
ra nghiém ctia phuong trinh (1.1) trong 8. V6i f € 8, bién ddi Fourier ca hai vé ctia

(1.1) ta dugc
N

Tt Vidu 1.2 ta c6 f/(1+ |€]?) € 8 nen nghiem ciia (1.1)

u(z) = (2m) "2 /n eixf%df.

Tt tinh chét ctia bién ddi Fourier nghiém tim dugce nay cé tinh chat sau:
e u€ES,
o Jon(Ju(@)? +2|Vu(@)]? + |V2u(z)?)de = [ |f(x)]*dz.

Vi du trén ta xét phuong trinh elliptic. Vi du tiép theo ta quan tam dén bai toan
Cauchy cho phuong trinh truyén nhiét.

Vi du 1.5. Xét bai toan Cauchy

u — Agzu =f trong R™ x (0, 00), (1.2)
u(z,0) =up(z),r € R™. (1.3)

Ky hiéu Sy(S;) 1a khong gian cdc ham u : R™ x [0,00) — C, sao cho

e v6i mdi # € R™ ham u(z,-) € C[0,00) (C*(0,00) N C[0, 00) tuong ting),
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e v6i mdi ¢ € [0,00) ham u(-,t) € 8.

Khi d6, bang cach dung tich phan ning lugng

I(t) = / W2(z, 1) da

ta dan dén tinh duy nhat nghiém ctia bai toan (1.2)-(1.3).
Véi f € Sp,up € 8§ diing bién doi Fourier theo bién z bai toan (1.2)-(1.3) ta dugc bai

toan

ay + €20 =f(&,-) khi t >0,

’&([E, O) :120.

T cong thitc bién thien Lagrange ta c6 nghiém ciia bai toan trén

(e, 1) = i1 (€)e 7 4 / P fe ).

0

St dung céc tinh chat ctia bién doi nguge Fourier ta thu duge nghiem

u(z,t) = [ Kz —y t)uo(y)dy + /O ds . K(z —y,t—s)f(y,s)dy

Rn

vl nhan Weierstrass-Gauss

— 1 _l

K(x,t) = (2m) ™ 2e-lEPt () = (47rt)”/26

z|2
it

1.2 Nghiém cc ban

Nhan Weierstrass-Gauss trong Vi du 1.5 con dugce goi 1a nhan nhiét (heat kernel)
hay nghiém co ban ctia phuong trinh truyén nhiét. Trong muc nay ta xem cac tinh

chat ctia no.

1.2.1 Tinh chat ctia nghiém cd ban
Ménh dé 1.3. Nghiem co bin K(z,t) clia phuong trinh truyén nhiét cé cac tinh chdit:

(i) K € C=(R" x (0,00)).
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(i1) K(z,t) >0,z € R",t > 0.

(11i) (O — Az)K =0 trong R™ x (0, 00).
(W) [gn K(x,t)dz =1,t> 0.

(v) Vi moi 6 >0 co

lim K(z,t)dx = 0.
t—0t R™\ Bs

Chaing minh. Céc tinh chat (i)-(ii) nhin thay ngay tit cong thitc ctia nghiém co ban

1 _lal?

K([E,t)zwe 4t

Tinh chat (iii) thay duge nho tinh toan tryc tiép

o2
o Kilot) = (S - 5 ) K
x? 1
Koo (o) = (22 - =) K(z 1),
¢ Konlont) = (5~ ) Kl

Tinh chat (iv)-(v) ¢6 dude nho, véi § > 0,¢ > 0,

- 2
|z|>6 ™/

/ Py — /2,

1)
—— 5 4+oo khit — 0%,

2Vt

1
K(z, t)de = / e 1" dn,
nl> 527

Co6 dinh (z,t) € R™ x [0,00), € > 0 ta ky hi¢u
K (y,s)=K(x—yt+e—s),s<t+e
Tu cac tinh chat clia K ta co:

o K. € C®(R" x (—00,t+¢)),

° Ke(y,s) >0, (y,s) € R" x (—oo,t+¢€),
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e (0, +A,)K, =0 trong R" x (=00, + ¢),

e v4i mdi § > 0 ¢
lim K. (y,t)dy = 1,

e—0t Bgs(z)

e tong quat, véi bat ky tap mé U chia x c6

lim Ke(y, t)dy =0,
e—0t R?\U

lim [ K.(y,t)dy = 1.

e—0T U

Ta c6 két qua sau:

Dinh ly 1.4. Cho uy € C(R"™) x L*(R™) va vdi moi (x,t) € R™ x (0,00) xét
u(z,t) = | K(x—y,t)uo(y)dy.
R’I’L

Khi dé u € C*°(R" x (0,00)) théa man

— Azu =0 trong R™ x (0, 00), (1.4)
lim  wu(z,t) =up(xo), xo € R™. (1.5)

(z,t)—=(20,0)
t>0

Chitng minh. Dé chitng minh tinh tron ctia u ta sé ching minh né c¢6 dao ham riéng
moi cap, vd dao ham riéng moi cap ctia né déu lien tuc. Cu thé ta sé ching minh tich
phan

/ O K (2 — y, E)uo(y)dy

hoi tu tuyet doi, déu theo (z,t) trong R™ x (€, 00) v6i bat ky € > 0. That vay, tinh toan
cu thé ta thay OFOYK (x — y,t) 1a tong ctia hitu han céac s6 hang c6 dang

lz—y|2

Comt ™ (x —y)le =

Tt day va tinh lién tuc, bi chin clia uy ta c6 ngay su hoi tu tuyet déi deu ctia tich
phan trén. T d6 ta c6 u € C°(R" x (0,00)) va

oF 0 u(x,t) /8’“80‘ (x —y, t)up(y)dy.
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Nhu vay, tit tinh chat (iii) cia K ta c6

ur — Azu = 0 trong R" x (0, 00).
Dé chitng minh phan con lai ta xét

u(z,t) — up(wo) = - K(z —y,t)(uo(y) — uo(zo))dy ( tinh chat (ii) cta K).

C6 dinh € > 0. Do ug € C(R") nén ¢6 § > 0 dé
€
[u(y) = w(wo)| < 5y — wo| < 26,

Lay = € Bs(zg),y € R™\ Bas(zo) ¢6 Bas(z0) 1a tap md chita x nén tit tinh chit ciia K,
ta co

lim K(z —y,t)dy =0.
t=0F JRe\ Bys (20)

Khi dé c6ty>0dé khi0<t<tycod

1
O</ Kz —y,t)dy < —
R™\ By (z0) 4Me

voi M = ||ug||pee-
Tu tinh chéat (i) va (iv) ctia K ¢6 ||u||z~ < M va khi z € Bs(xg), 0 < t <t

iz, £) — uo(z0)]| < / K (x — . Dluoly) — wolzo)|dy-+

Bas(wo)
s K= blu() — ul)ldy
R™\ Bas (o)

<e.

Phan tich chi tiét ta c6 thé thay 6, ¢, khong phu thuoc vao z, trén ting compact. [

Néu chi quan tam ham wu(z, ) khi ¢t > 0 ta chi can ug € LP(R"),1 < p < oo ta da
c6 u € C®(R" x (0,00)) va théa man phuong trinh truyén nhi¢t trong R™ x (0, 00).

Dic biet khi p = 1 ta c6 két qua ve tdc do triet tieu ctia nghiém nhu sau:

Ménh dé 1.5. Cho uy € L*(R"™) va
u(z,t) = | K(x —y,t)uo(y)dy.
RTL
Khi do, voit > 0 co

) < .
sup u(,1)] < sl
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Tiép theo ta thay gia thiét vé tinh bi chin clia ug kha chit qua viéc quan sat

1

a 1‘2
m61*40‘t‘ ! ya>0,0<t< 1/(404)

Golz,t) =
C6 thé thiy G, € C=(R™ x (0,1/(4c))) va théa man bai toan

Gat — A,G, =0 trong R"™ x (0,1/(4a)),
Golz,0) =" 2 e R,
C6 thé thay diéu kien ban dau ciia bai toan trén khong nhimg khong bi chan ma cé

do ting ra vo cling cAp mil. Tuy nhién dé ¥ them thoi gian ton tai chi hitu han, dudi

1/(4c). Duéi day ta dua ra két qua nhu vi du nay:
Dinh 1y 1.6. Cho ug € C(R"™) ¢6 do tang théa man

lup(z)| < Mt 4 e R™,
vdi cac hdng so6 duong M, A. Khi dé

u(z,t) = K(x —y,t)up(y)dy

R’I’L

la ham tron vo han trong R™ x (0,1/(4A)) va théa man
ur — Ayu =0 trong R™ x (0,1/(4A)).

Hon nta

1. t — e Rn'
(z,t)}i{%o,o) U(ZE, ) Uo(l’o), Zo

Chiing minh. Truée hét ta chuyén dang toan phuong theo bién y vé dang chinh tic

|z — y|? ) 1 —4At P Alx? 1
AW 1w )Y ToaAr| 1A 1A
Dat vo(z) = e ug () ta c6 ||vgl|~ < M va
1 Alx|? _1-4At], oz |2
ulmt) = amy2® / e bzl vy (y)dy,

R
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o2

FEK(x—yt)= 3 Comt ™(x—y)le 5,

httu han
_ \5| a2 1 2
x Yy ==y Alz 1— 4 t
/%6 g (y)dy = et ““”/’x—y!ﬁ' =25 g (y)dy.
R R
Lai c6

oy < —|z|+ T oct<t

T — x — —

I=1"7A Y1 1At| 1A

nén tuong tu Dinh 1y 1.4 ta c6 u € C®°(R™ x (0,1/(4A))) va théa man phuong trinh
truyen nhiet trong R™ x (0,1/(4A)).
Dé chitng minh phan con lai ta dé ¥ khi

0<t<—|y—xo|>20,|z—x0| <6/2

co

M 12 1
/ K(z —y,t)up(y)dy| < W@Au& / e vl dy
T n

y—x0|>28 ly—zo|>26
M 1 2
< WQQAMP 67§|y71:f114t| dy
- (4rmt)m

ly—xo|>28

M o / el 2 g

Tn/2

IN

Inl> 5%
Lai tiép tuc nhu Dinh 1y 1.4 ta hoan thanh chiing minh Dinh 1y nay. ]
Dén day ta c6 cau héi, lieu phuong bai toan Cauchy xét & trén con c6 nghiem khac
hay khong? N6i cach khac bai toan Cauchy thuan nhat c6 nghiém khong tam thuong
khong?

Vi du sau cho cau tra 161 c¢o.

Vidu 1.6 (Vi du Tikhonov). Xét bai toan

Uy — Uz, =0 trong R x R,
u(0,t) = a(t),u,(0,t) =0 khi ¢t € R,



10 CHUONG 1. PHUONG TRINH TRUYEN NHIET

v6i ham cho truée a € C*°(R). Ta tim nghiém cta bai toan dudi dang chudi

u(z,t) = Z ar(t)z*.

k=0

o0

Thay vao bai toan ta co

1

ag(t) = a(t),ai(t) =0 va ag(t) = m

d},_,(t) khi k > 2.

Ta c6 nghiém

e '/t khit >0,
0 khit <0

thi a®(0) = 0,k € Z,. Do dé u(x,t) 1a nghiém khong tam thuong ctia bai toan Cauchy

U — Uz =0 trong R x (0, 00),

u(z,0) =0,z € R.

Mot vi du khac cho thay bai toan ngugc ctia phuong trinh truyén nhiét khong on
dinh.

Vi du 1.7. Bai toan ngugc

Uy — Uz =0 trong R x (0,7,
u(z, T) =p(x),r € R,

¢6 nghiem u,, (z) = e™ T sin(ma) khi ¢(z) = @m(z) = sin(ma), m € Z. Khi d6

sup |¢om| =1
rz€R
con
Sup [t (- 1) = €™ T 5 00, m — 00, t € (0,T).

zeR
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1.2.2 Tinh chinh quy

Trong muc trude ta dua ra mot nghiém cho bai toan Cauchy ctia phuong trinh
truyen nhiét. Nhin chung nghiém duva ra rat tot, chdng han né kha vi vo han ngay khi
t > 0 va diéu kién ban dau chi can bi chan. Muc nay sé quan tam dén cau héi: lieu tinh
tron d6 c6 phai la tinh chat chung ciia cac nghiém ctia phuong trinh truyén nhiet?
Dé nghien ctitu tinh tron ta stt dung ham K,. Trudc hét ta nhic lai ham nay. C6 dinh
(x,t) e R" xR, e >0

Ky, s) =Kz —y,t—s),(y,s) € R" x (—o0,1).
Lay D 1a mién bi chan vé6i bien thuoc l6p C! trong R x (—oo,t +¢€) va u € C*1(D) N
C1(D) thoéa man phuong trinh truyén nhiét trong D. Khi d6
(Uf(e)s + Z(UKQ[M - f(ﬁuyi)yi = 0.
i=1

Ap dung cong thitc dang DIV cho mién D ¢6 vée-to phap tuyén ngoai don vi v = (vy, 1)
va truong

(UK ey, — Koy, ..., uKe, — Ky, , uk,)
ta duge
/ (u(y, s)@l,yf(e(y, s) — f(e(y, 5) 0y, u(y, S)) dSy s+
oD
+/ u(y, s)f(g(y,s)usdsw = 0. (1.6)
oD
Véi méi (xg,tp) € R" x R, R > 0, ky hiéu tru
Qr(z0,t0) = Br(zo) % (to — R?, ).

Trong truong hop zo = 0,ty = 0 ta viét Qg = Qr(0,0).
St dung (1.6) ta c6 cac két qua vé tinh chinh ctia nghiém ctia phuong trinh truyén

nhiét nhu sau:

Dinh 1y 1.7. Cho u € C*(Qr(z0,t0)), R > 0, (z0,ty) € R" xR, la nghiém ciia phuong
trinh uy — Ayu = 0 trong Qgr(xo,ty). Khi do uw € C®(Qr(zo,to)).
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Chitng minh. Biang cach dich chuyén va co gian ta cé thé giad st zp = 0, to = 0, R = 1.
Lay (z,t) € Q,. D¢ chiitng minh tinh tron clia u ta sé chiing minh u tron tai méi diém

(x,t).

C6 (x,t) € Q nén c6 r > max{|z|, —t} dé (z,t) C B, x [t,—r] C Q;. Luu ¥ c6 the
chon r chung khi (z,¢) thay doi trong mot tap compact.

St dung dang thiic (1.6) véi D = B, x (t,—r) c¢6 bien D gdm

e day trén B, x {t} c6 phap tuyén ngoai don vi (v, vs) = (0, 1),
e diy dudi B, x {—r} ¢6 phap tuyén ngoai don vi (v,,vs) = (0, —1),
e mit xung quanh 0B, x [—r,t] ¢6 phap tuyén ngoai don vi (v, v5) = (1,0).

Khi d6 (1.6) tré thanh

[ s [ (0900 Bl ) = Rol 90, 10.9) d,
# [ w0y = [ =)=y =0

Tt tinh chat ctia K, va B, chia x ta ¢6

lim [ u(y,t)K(y, t)dy = u(z,t)

e—0T B,

nén tu trén, cho € — 07, ta dugc

u(z,t) = /B( u(y, —r)K(x —y,t + r)dy—+

/ds / (z =y, t — )0, uly,s) —u(y, )0, K(x —y,t — )] dS,. (1.7)

Zr 0B,
C6 u e CHB, x [t,—r]). Lai c¢6
e dot+7r>0nén K(z,t+r) tron theo (z,t) € R" x (—r,00),
e dox € B,,y € 0B, nén K(x —y,7) tron theo (z,7) € B, x [0,00).

Tu d6 ta sé dan dén tinh tron cta u(z,t). O
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Biéu dién tich phan (1.7) ctia nghiém ctia phuong trinh truyén nhiét chua du dé
ta danh gia. Ly do tinh ky di ctia nghiém co ban van xuat hién trong tich phan. Dé
lam mat tinh ky di nay ta can lam tron nhitng chd ky di nay. Khi dé ta c6 danh gia

gradient sau:

Dinh 1y 1.8. Cho u € C*(Qr(wo,t0)), R > 0, (z0,ty) € R" xR, la nghiém ciia phuong
trinh uy — Ayu = 0 trong Qgr(xo,ty). Khi do

= Q

IVou(wo, to)] < - sup |uf

Qr(zo,to)

trong dé hang s6 C' chi phu thudc vao n.

Chaing minh. Giéng Dinh 1y 1.7, ta gid st zy = 0,ty = 0, R = 1. Lay (z,t) € Q14 va
ham ¢ € C*°(Q;) théa méan

o(z) = 1khiz € Q1/2,p(x) = 0 khi x € Q3/4.

Lam tuong tu 1.6, thay K, béi v = K, vi mién D = Bys x (—5/6,t). Khi do:

o trudng F' = (uvy, — vy, ..., udy, — VU, ,uv) cd

div F' = u(vs — Ayv)

e bién 0D gom:
- day trén Bsss x {t} c6 phap tuyén ngoai don vi (v, vs) = (0, 1),
- day dudi Bsss x {—5/6} ¢6 ¢(y,—5/6) =0,
- mat xung quanh 0Bs/s x [—5/6,t] c6 ¢ = 0 trong mot lan can ctia mét xung quanh.
T cong thitc dang DIV ta thu duge

/ ul(y, )0 + D) (oK) (9, 5)dyds = / () DRy Dy, (18)

Bs 6% (—5/6,t) Bs/6

Lai tit tinh chét ctia K., o va (x,t) € (1/4 nén

lim [ (pu)(y, ) Kc(y, )dy = o(x, thu(w, t) = u(x,t).

e—0t
Bs /6
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Tinh toan, cha y (9s — A,) K. =0 co
(05 — Ay)(‘Pf(e) = (ips — AySO)f(e +2Vyp- VK.
Chu y them ¢ 1a hing s6 ngoai Q34 \ Q12 €6

(0. — &) (pKe) = 0 ngoai Quja \ Qupe.
Thay lai (1.8), cho € — 0T, ta dugc

ula, 1) = / wl(y, ) (s (9, 5) — Agply, ) K (2 — gyt — )+

Bﬁx(_%vt)\Ql
4 2
+2V,p0(y,s) - VK(x — y,t — s))dyds.

Co6 ¢ kha vi vo han, c¢6 cac dao ham riéng bi chan trong @34, con K(xz —y,t — s)
kh& vi vo han, c6 cac dao ham riéng bi chan theo (x,y,t,s) khi (z,t) € Q14 con

(y,s) € Byq x (—9/16,t) \ Q1/2. Tt d6 ta c6 danh gid gradient can ching minh. [

Tiép theo ta c6 danh gia cho dao ham riéng moi cap nhu sau:

Dinh 1y 1.9. Cho u € C*(Qr(wo,t0)), R > 0, (z0,ty) € R" xR, la nghiém ciia phuong

trinh uy — Ayu = 0 trong Qgr(xo,ty). Khi do

Cm+2k

|0F VT u(zo, to)| <

< Rm+2knkem+2k’l(m+2k‘)! sup  |ul

Qr(zo,to)

trong dé hang s6 C' chi phu thudc vao n.

Chitng minh. Dé chiing minh két qua nay ta chd y 0Fu = AFu, con lai ching minh
tuong tir nhu ham diéu hoa. [

Tt két qua nay ta dan dén tinh giai tich theo bién x clia nghiém ctia phuong trinh

truyen nhiét nhu sau:

Dinh 1y 1.10. Cho u € C*Y(Qgr(wo,t0)), R > 0,(z0,t0) € R* x R, la nghiem cia
phuong trinh uy — Azu = 0 trong Qr(xo,to). Khi dé u(-,t) giai tich trong Br(xy) vdi
moit € (to— R% ty). Hon nia OFu(-,t),k € Z,, cing la cac ham gidi tich trong Br(o)
vdi moi t € (to — R%,tg).

Chitng minh két qua nay khong khac gi két qua tuong tu cho ham diéu hoa. Can
chi ¥, vi du Tikhonov cho thay nghiém ctia phuong trinh truyén nhiét néi chung khong
giai tich theo t.
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1.2.3 Tinh chat gia tri trung binh

Trong muc nay ta chi ra nghiém ctia phuong trinh truyén nhiét c6 tinh chat gia tri
trung binh. Khac v6i phuong trinh Laplace ta ¢6 trung binh cau, phuong trinh truyén
nhiét c6 trung binh trén cau nhiét. Cu thé, v6i méi (z,t) € R” x R,7 > 0, ta dinh

nghia cau nhiét tai (z,t), ban kinh r nhu sau:
e Hinh cau nhiét
~ 1
E.(z,t) ={(y,s) e R" xR: s <t,K(y,s) > —}
rn

L T 1 _|ziy‘2
VG K (y.5) = K(r =t = 5) = (e 00

e Mzt cau nhiét

OF,(2,1) = {(y,5) ER" x R : s < t,K(y,s) = —}.

Tn

C6 thé thay E,(z,t) c6 cuc bac (x,t), c6 thiét dien véi mit phang vuong goc véi truc

Ot tai s 1a hinh cau, tam (x,s), ban kinh

(e ()

phinh dan ra khi s gidm cho dén ltc n6 dat cyc dai tai s =t —

il
4me’?

ve diém (z,t — %) Dé don gian ky hiéu khi (z,¢) = (0,0) ta ky hi¢u E,, 9E, lan luct

13 hinh cau nhiét, mat cau nhiét tam tai goc, ban kinh r. Khi d6 dé thay

tiép do6 né thu dan

(z,1) € E,(x0,1) khi va chi khi ((z — 20)/2, (t — t)/r?) € E,.
Ta can dén bo dé tinh toan sau:

B6 dé 1.11.

2
/ %dyds =4.
B S
Chiing minh. Dung Fubini ta c6

ly|” w1 e
I:/ —5dyds = —ds dt [ |y|*dS,,
B S o S 0 St
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1/2 ) .
v6i r(s) = <4ns In <ﬁ>> . Tinh toan tiép véi chu ¥ dién tich méat cau don vi trong

27Tn/2

[(n/2)

/2 s 1 (n+2)/2
[=—0—— 2 4nsl ds.
<n+2>r<n/2>/o ’ ( e <¢R)) ’

Déi bién ¢ = nln () ta duge

khong gian n—chiéu 1a w, = , ta c6

27Tn/2 4n/2+2
Tt 20(m/2) ~ @men

/OO e ¢V dC = 4.
0

Ta dén véi tinh chat trung binh hinh cau nhiét sau:

Dinh 1y 1.12. Vdi (2, t0) € R" x R,u € C*Y(E,(x0,t9)) N CY(E,(20,t0)) la nghiém
ctia phuong trinh truyén nhiét trong E,(zo,to). Khi dé

1 |70 — y*
ty) = — ——dyds.
U(I(]a 0) Arn /Er(ggo,to) U(y, S) (tO N 8)2 yas

Chitng minh. Bang phép dich chuyén va co gian

v(z,t) = u (r(z — o), r*(t — to))
ta c6 thé gid st 29 = 0,40 = 0,7 = 1.
Xét ham

1 2
Y(r) = r_"/ u(y,s)—Zdyds = / u(ry,r%)mdyds,o <r<1.
E, B

52
Ta sé chitng minh () 14 ham hing theo 7. Khi d6, tit B6 dé 1.11 va cho r — 07 ta c6
tinh chat gia tri trung binh hinh cau nhiét can ching minh.

Lay dao ham

n 2
' (r) :/ (Z yiy, (ry, r°s) +2su5(ry,r23)) v dyds
Ey

- S
=1
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Dat

co
® o(y,s) =0khi (y,s) € 0F,,

__n |y\2 Yi
© ¢s(y,s) = —5- — 5 vuly,s) = 5 nen

n

Z Yyiu yzﬂ + 2us Z Uy Yi (4Q05 2n> + 4u, Z Yity,
=1

i=1
=4 (us(y - ) — @s(y - Vu) —=nVu - Vo).
Xét truong
F= (@(ylus - nuy1)7 ceey @(ynus - nuyn)v —Qy - VU)

co
div F =us(y - Vo) + ¢(y - Vug) + npus — npAyu —nVu - Vi—
—ws(y - Vu) = oy - V)
ma u, — Ayu = 0 nén

2
Zyz yz|y‘ o i r (1.10)
s
i=1
Stt dung cong thiic dang DIV cho truong F' va mién E, v6i chi § ¢ = 0 trén OF, nén
/ div F(y, s)dyds = 0. (1.11)

r

T (1.9)-(1.11) ta c¢6 diéu phai chiing minh. O

Khéc v6i ham diéu hoa, hai tinh chat trung binh trong hinh cau va mit cau chuyén
dugc qua nhau nhd phép lay dao ham va lay tich phan, viéc chuyén sang tinh chat gia
tri trung binh trén mit cau nhiét khong don gidn nhu thé.

Dinh 1y 1.13. Vdi (g, t0) € R" x R,u € C*Y(E,(x0,19)) N CYE,(20,t0)) la nghiém
ctia phuong trinh truyéen nhiét trong E,(xg, to). Khi dé

1 |20 — yl
u(xo, to) = —/ u(y, s) ——=—dyds.
2r" JoE, (wo.to) to —
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Chitng minh. Tuong tu nhu trong hinh cau nhiét ta c6 thé gia sit 2o = 0,1y = 0,7 = 1.

Lay € € (0, ﬁ), ban kinh hinh cau thiét dién vuong géc véi truc 0t tai € trong hinh

cau nhiét E; xac dinh béi

e (s ()

Tuong ti (1.6), thay K, béi K(x,t) = K(z, —t) — 1 va mién
1
D={(x,t): —e<t< —4—,K(x,—t) > 1} C By
T

co

/a (u(y, 5)0,, K (y,s) — K(y, 5)0y, u(y, s)) ds, s+
D
+/ u(y, s)K (y, s)vsdS, s = 0.
oD

C6 0D ={(z,t): —e <t < —L K(z,—t) =1} U{(z,—€) : |z| <r}. Lai co

7T

e khi (y,s) € Sie ={(z,t): —e<t< -1, K(z,—t) =1}
K(y,S) = Oaauy]_((yWS) = _K(y7 _S) = 5

e khi (y,s) € Soc = {(z,—€) : |z| <1}

K(y7 _€> = K<y7€) - 1aal/yk(y7 _E) = O,Vs =1

[t Bas,. ~— [ (.0 - vty

By,

Cho e = 0" ¢6

e S, — JF| nén

|| lyl
—dS, s — —dS
[ w9 s [ s 7as,

e r. — 0" nén

/U%d@%Q

€

(1.12)
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2

e ~
e — — +00 nén
€

1 2
K(y,e)dy = W/mq /ﬁe M dn — 1.

Tit day khong kho dé dan dén tinh chat trung binh trén mit cau nhiet. Chi tiét xem
nhu bai tap. O

T tinh chat gia tri trung binh ta c6 cac két qua vé nguyeén 1y cic dai sau:

Dinh 1y 1.14. Cho Q la mién bi chan trong R™,T > 0 ky hieu Qr = Q x (0,T]. Gid
sttu € CP(Qr) N C(Qr) la nghiem ciia u; — Ayu = 0 trong Qp. Khi dé u dat GTLN
trén bién parabolic

OpQr = Q x {0} U x [0,T]

nghia la Maxu = maxu. Hon nita, néu u dat GTLN tai (zo,ty) € Qp thi u la ham
ST Qp

hang trong Q.

1.3 Nguyén ly cuc dai

1.3.1 Nguyén ly cuc dai yéu

Trong muc trude ta da n6i dén bién parabolic ctia tru Q7 = Q x (0, 7], Q 13 mién

bi chan trong R", xac dinh bai
0pQr = Q x {0} U x [0,T].

Véi tap D C R™ x R, bién parabolic ciia né xac dinh bdi:
d,D gom tat ci cac diém (x,t) € dD sao cho v6i bat ky 7 > 0 ta déu c6

Qr(z,t)\ D # 0.
Mién D C R" x R dudgc goi 1a mién parabolic néu
oD\ 0,D C D.

Ta c6 nguyén 1y cic dai yéu cho nghiém dudi clia phuong trinh truyén nhiét trong D

nhu sau:
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Dinh 1y 1.15. Cho D la mién parabolic chan trong R® xR. Gid siiu € C**(D)NC(D)
thoa man

uy — Azu < 0 trong D.

Khi dé w dat GTLN trén bién parabolic 0,D, nghia la

maxu = maxu.
OpD D

Dé chiing minh nguyén 1y cuc dai yéu nay ta can dén bd dé sau.
B6 dé 1.16. Cho D la mién parabolic trong R" x R. Gid st u € C*'(D) théa man
uy — Agzu < 0 trong D.
Khi do u khong thé dat cuc dai dia phuong trong D.

Chiing minh. Ta chiing minh bang phan chiing, nghia l1a gid stt u dat cuc dai dia phuong
tai (zo,%0) € D. Do D =intD U (0D \ 0,D) nén c6 hai truong hop sau xay ra.
TH1: (xg,ty) € intD. Khi d6 u(zo,t) = 0 vd VZu(xg,1p) 1a ma tran nita xac dinh
am. Do d6

u(zo, to) — Agu(zo, to) > 0.
Diéu nay trai véi gia thiét.
TH2: (20,ty) € D\ 8,D c6 r > 0 dé Q,(w,to) C D. Khi d6 Khi d6 uy(zo,ty) > 0 va

V2u(xg, to) 1a ma tran niia xac dinh am. Do d6
u (o, to) — Agu(xo, to) > 0.
Diéu nay trai véi gia thiét. ]
Chitng minh nguyén ly cuc dai yéu. V6i moi € > 0 xét
ue(x,t) = u(x, t) — et
co
o u. € C*(D),

o uy — Ayu. =u — Ayu —e <0 trong D.
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Ap dung B8 dé 1.16, u, khong ¢6 cuc dai dia phuong trong D. Lai do u, 13 ham lien
tuc trén tap compact D nén u, chi ¢6 thé dat GTLN trén bién parabolic 9,D, nghia la

max U, = max Ue.
OpD D

Cho € — 0T ta c6 nguyén 1y ciic dai can chiing minh. O

Tuong ti cach tiép can trén ta md rong nguyen 1y cyc dai yéu cho nghiem duéi ctia
phuong trinh
Lu=wu; — Ayu+ cu=f.

Dinh ly 1.17. Cho D la mién parabolic bj chin trong R™ x R, ham ¢ € C(D) la ham
khong am. Gid situ € C*1(D) N C(D) théa man

ur — Azu+ cu < 0 trong D.
Khi dé u dat GTLN khong am trén bién parabolic 0,82, nghia la

maxut = maxu,
D

8,D
trong dé vt = max{u,0}.
N6i rong diéu kién cho ham ¢ ta c6 két qua sau:

Dinh 1y 1.18. Cho D la mién parabolic bi chan trong R™ x R, ham ¢ € C(D) théa
man ¢ > —cy vdi ¢y la hdng so khong am. Gid st u € C*1(D) N C (D) théa man

uy — Azu + cu <0 trong D,

u <0 trén 0,D.
Khi dou <0 trong D.
Chiing minh. Ap dung Dinh Iy 1.17 cho ham v = e~*y;. Chi tiét xem nhu bai tap. O

T Dinh 1y trén ta c6 nguyén 1y so sanh:
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Hé qua 1.19. Cho D la mién parabolic bi chan trong R™ x R, ham ¢ € C(D) théa
mén ¢ > —cy vdi ¢y la hing so khong am. Gid st u,v € C*Y(D) N C(D) théa man

U — Azu + cu <vy — Ayv + cv trong D,

u <v trén 0,D.
Khi dou < v trong D.
Stt dung Dinh 1y 1.15 ta sé chiing minh nguyén 1y ciic dai yéu cho mién vo han sau:

Dinh 1y 1.20. Cho T > 0, ¢6 thé T = +oo,uy € C(R") N L®(R"). Gid st u €
C*1(R™ x (0,00)) N C(R™ x [0,00)) thda man

ur — Ayu <0 trong R™ x (0,7),
w(z, t) <M trong R™ x (0,7),

u(z,0) =up(z),z € R",
trong dé M, \ la cdc hang so duong. Khi dé

sup u < sup ug.
R™ % (0,T) R

1 , N
Chitng minh. TH1: 0 < T < o Lay o € (A, 7). Ta can dén ham G, xéac dinh béi

L 10@2 O0<t< 1
—6 —4dat _
(1—4at) ’ 4o

Ga(x,t) =
C6 dinh (x,t) € R" x (0,7). V6i mdi € > 0 xét ham
ve(y,t) = uly,t) — eGa(z — y,1).
Dé kiém tra

o vy — Ayv. <0 trong R™ x (0,7),

e v(x,0) < f(x) trong R",
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e Vii |y| = R > |z, tu gid thiét vé do tang clia u
ve(y,t) < M — eeo‘(R_‘xDQ, 0<t<T,
ma a>A>0va fe L®R") nén véi R di l6n c6

Ve(y,t) < supuo.
RTL

Ap dung Dinh 1y 1.15 cho ham v trong By x (0,T) ta c6

max v, < max v, < supug.

BRX[O,T] 8PBR><(O,T) Rn

Lai ¢6 (z,t) € Bg x (0,T) nén

ve(x,t) = u(x,t) — <supug,0<t<T.

1—4dat — Rn

Cho € — 0% ta ¢6 nguyen ly cuc dai yéu khi T' < 1/(4)).
TH2: T > 0 bat k¥, ké ca khi T = +oo. Lay (z,t) € R" x (0,7). Do t > 0 hitu han
nén c6 sb6 tu nhien k dé
1
k—1D1Ty <t <Kkly,Ty = —.
( ) 0 = 0,£L0 ]\
Stt dung két qua ctia TH1 ta c6

Supu(x,jTo) < SUpU(l’, (.] - 1>T0)7 1 S] < k—1
R

]Rn
va
sup u < supu(x, (k—1)Tp).
R™ % [(k—1)To,kTp] R™
T day ta c6 ngay nguyeén Iy cuc dai yéu cho trudng hop tong quét. ]

1.3.2 Nguyén ly cuc dai manh

B6 dé 1.21. Cho (x0,1y) € R* xR, R > 0,T > 0 ky hiéu Q = Bg(xo,to) x (to — T, ).

Gid sit c € C(Q),u € C*1(Q) N C(Q) théa man

uy — Agu+ cu > 0 trong Q.
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Néu v > 0 trong Q va
u(zo,to — 1) >0

thi
u(z,t) >0, (z,t) € Q.

Chitng minh. V6i méi t; € (ty — T to] ta can chiing minh
u(x,t;) > 0,2 € Br(xo).

That vay, bang cach dich chuyén ta c6 thé gid sit 29 = 0,¢; = 0. Khi d6 tg — T < 0
nén c6 o > 0 dé tg — T = —aR? Dit D = Bp x (—aR?0]. Tu gid thiét ta co6
u € C%Y(D) N C(D) thda man:

e u; — Au+ cu > 0 trong D,
e u >0 trong D,
o u(0, —aR?) > 0.
Khi d6 c6 cac s6 m > 0,¢e € (0,1) sao cho

u(z, —aR?) > m,x € Bep.

— €2

1
Dy = {(z,t) € D: |z|* - t < R?}.

Phan tiép theo ta s& xay dung ham w € C%!(Dy) x C(Dy) thda man
o W, — Aw + cw < 0 trong Dy,
~ o 2 11— 62 2 N 5
e w = 0 trén mat xung quanh {(z,t) € 0Dy : |2]* — ——t =R’} vaw < m 6
«
day dudi {(z,t) € 0Dy : t = —aR?},
e w > ( trong Dy.

Khi do

e Dy la mien parabolic bi chin,
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e ¢ € O(Q) nén c6 hing s6 duong ¢y dé ¢ > —cp trong Q,
o W — Aw+ cw < uy — Au + cu trong Dy,
o w < trén 9,Dy
nén theo Hé qua 1.19 ta ¢6
u > w trong Dy

nghia 1a ta c6 diéu phai chiing minh.
Ham w dugc xay dung nhu sau

— =B, 2
w = Cw; "w;

trong do

1_ 2
w (1) = ae t+ R2,

2
t+ R* — |z
o

wo(x,t) =
Khi do6 ta c6 cac két luan sau:
e Do eR? < w; < R? wy > 0 trong Dy nén
w > 0 trong Dy.
2

_—et:RQ}céw2:Onénw:0.

e Trén mat xung quanh {(z,t) € 9Dy : |z|* —
e Trén day {(z,t) € 9Dy : t = —aR?} ¢6
w < C(eR)*2

nén ta chon C' = m(eR)?*~4.

e V6i chi ¥ wy — wy = |z|* c6

1— 2
wt—Aw—ch:—wfﬁ_l((M—cwl)wg+

(67

2(1 — €2
+ (u+4n+8> w1w2+8w3).
o
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Do c € C(Q),e € (0,1), nén ¢6 § di 16n dang toan phuong
1—¢€ 2(1 — €
(M — R?max |C|) Wi + (g +4n + 8) wiwy + 8w}
a Q a

xac dinh duong. Lai do w; < R? trong Dy nén véi B dude chon nhu vay ta c6

wy — Aw + cw < 0 trong Dy.

Ta da hoan thanh ching minh. [

Cha ¥ rang, tit chiing minh trén ta c6 danh gia quan trong

2
u(z,0) > 2774 ( - %) r%in u(z, —aR?),z € Bg.

Gio ta c6 thé chitng minh nguyén 1y cuc dai manh.

Dinh 1y 1.22. Cho Q la mién bi chan trong R",T > 0 ky hieu Q7 = Q x (0,T]. Gid
sttc € C(Qr),c >0, vaue C*(Qr) théa man

uy — Au+ cu < 0 trong Q.
Néu c6 diém (x1,t,) € Qp sao cho

u(z1,t1) = supu(z,t) =0
Qr

thi
u(z,t) = u(zy,t1), (x,t) € Q.

Chitng minh. Dat M = supu > 0,0 = M —u ¢6 v > 0 trong Qr va v(x1,t;) = 0. Do
Qr

¢ > 0 trong )y nén
v — Av+cv = —(up — Au+ cu) + cM > 0 trong Q.
Lay (xo,t9) € Q2 x (0,¢1) ta sé chiing minh

u(zo, to) = M hay v(zo,t) = 0.



1.3. NGUYEN LY CUC DAI 27

bing phan chiing, nghia la gid st u(xg, ty) < M hay v(xg,ty) > 0 sé dan dén dicu mau
thuan. Khi d6 diing tinh lién tuc clia u ta sé c6 diéu phai chitng minh.
Do Q lién thong nén c¢6 duong lién tuc v : [0,1] — Q,7(0) = xo, 7(1) = x1. T tinh
compact ta co

d(0,~(s)) > d > 0,s € [0,1].

Lai tit tinh compact ¢6 hitu han diém
O=sy<s1<---<sy=1
sao cho d(v(s;),7(sit1)) < R=4d/2,i=0,...,N — 1. Lay
T, =to+i(ty —to)/N,i=0,1,..., N,

cb cac tru

BR('Y(Sz)) X (E,E_H] C QT,i = O, 1, .. .,N — 1,

va
(v(sis1), Tis1) € Br(v(si)) x {Tisa},i=0,1...,N — 1.

Do d6 ap dung Bo6 dé 1.21 lan lugt cho cac tru Br(y(s;)) x (T;, Ty1],i = 0,1,...,N—1,
va xuat phat diém

v(v(s0), To) = v(o,t9) >0

ta c6 v(z1,t1) = v(y(sy), Tn) > 0. Diéu nay trai véi gia thiét v(xy,t;) = 0 hay ta da
hoan thanh ching minh. O

Ta ciing c¢6 bo dé Hopf cho phuong trinh truyén nhiét.
B6 dé 1.23. Cho (xg,t) € R* x R,R > 0,1 > 0 dat
D={(z,t) ER" xR : |z — x> +n|t —to| < R%,t <t}
Gid sitc € C(D),c > 0,u € C*Y(D)NC(D) théa man
uy — Au+ cu < 0 trong D.

Néu c6 & € Bgr(xg) sao cho
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o u(Z,ty) >0,
o u(z,t) <u(z,ty),(x,t) € D,
o u(z,t) <u(z, o), (x,t) € D,x € Bra(wo).
va Vyu lién tuc dén (Z,t) th
v-Vu(z,tg) >0
vl v = (T — x0)/|T — o]
Chiing minh. Bang phép dich chuyén ta c6 thé giad st zg = 0,to = 0. Khi d6

D={(z,t) eR"xR: |z|* —nt < R*t <0}.

Do ={(z,t) € D: |z| > R/2}.
Xét cac ham

w(z,t) —e—ollz*—nt) _ e_aRQ,

v(z,t) =u(z,t) — u(z,0) + ew(zx, t),

trong d6 cac hang s6 duong «, € sé chon sau.
Do ¢ € C(B) nén ¢6 o dti 16n dé

@’ R* — 2na — na — meax lc| > 0.
Vé6i a duge chon nhu vay, va cha v ¢ > 0 ta c6
wy — Aw + cw = —(4a®|z]* = 2na — na — ¢)e P _ emeB <
khi (z,t) € Dy. Khi d6 tir gid thiét u; — Au+ cu > 0 va u(z,0) > 0 c6
vy — Av+cv =u — Au+ cu+ e(w; — Aw + cw) — cu(Z,0) <0

trong Dy.

Ta lai c6:
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e Trén mat ngoai

Y1 = {(x,t) € 9Dy : |z|* — nt = R*}

c6 w(z,t) = 0 nén
v(x,t) = u(x,t) —u(z,0) <O0.

e Trén méat trong

Yo =A(x,t) € 0Dy : |z| = R/2}

c6 u(z,t) —u(z,0) < 0 nén
€= r%ax(u(:%, 0) —u(z,t)) > 0.
2
Khi do6
v(z,t) <wu(z,t) —u(z,0)+e<0,(z,t) € L.

Stt dung nguyén 1y cuc dai yéu cho v ta duge
v(x,t) <0,(x,t) € Do.
Do v(%,0) = 0 nén
v - Vo(i,0) > 0 hay v - Vu(z,0) > 2aeRe %

Ta c6 dieu phai chiing minh. O

1.3.3 Danh gia tién nghiém

Giéng nhu ham diéu hoa, dusi day ta sé sit dung nguyén ly cuc dai dé dan dén
danh gia tién nghiém.
Dinh 1y 1.24. Cho Q la mien b chin trong R*, T > 0 ky hieu Qp = Q x (0,T], va ¢ la
ham lien tuc trén Qr vdi c > —cy, ¢y la hdng s6 khong am. Gid siu € C*1(Qr)NC(Q7)
thoa man

uy — Au ~+ cu =f trong Q.
u(+,0) =uq trén €,

u = trén 02 x (0,7,



30 CHUONG 1. PHUONG TRINH TRUYEN NHIET
vdi f € C(Qr),up € C(Q) va o € C(IN x [0,T)). Khi dé

sup [u] < e (max {SUP |uol, sup le} + T'sup |f|> :

Qr Q 9% (0,T) Qr

Ching minh. Dat

F =sup|f], B:max{sup|u0|, sup |go|}
Qr Q )

o0 x(0,T
Khi d6
(£u); — A(£u) + c(tu) = £ f < F trong $r,
+u(-,0) =+ uy < B trén €,
+u ==+ < B trén 09 x (0,7).
Xét ham

v(x,t) = e (B + Ft).
Do ¢+ ¢y < 0 trong Qp va ¢g > 0 nén
v — Av+cv=(c+c)v+e®F > F >u — A(du) + ¢(Fu) trong Q7.

Ngoai ra ta co
v > B > (fu) trén 0,Qr.

St dung nguyén ly so sanh ta c6
lu| < wv trong 2
hay ta da ching minh xong uéc lugng tién nghiém. [
Tiép theo ta dua ra danh gia tién nghiém cho bai toan gia tri ban dau

Dinh 1y 1.25. Cho ¢ la ham lién tuc trén R™ x (0,T],¢ > —cqo, co la hing so khong
am. Gid sttu € C*'(R™ x (0,T]) N C(R™ x [0,T]) la nghiém bi chan cia

ur — Au+ cu =f trong R" x (0,7,

u(-,0) =ug trén R",
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vdi cac ham bi chan f € C(R™ x (0,T]),uo € C(R™). Khi do

sup |u| < e [ sup|u| +T sup |f]].
R7™x (0,7 R™ R7x(0,T

Nguyeén 1y cyc dai chi 4p dung dugc cho mién bi chin nén khi stt dung nguyéen Iy
cite dai cho bai toan gia tri ban dau ta can dén dang diéu & vo cling ctia nghiem. Cu

thé, v6i Dinh Iy 1.25 ta can dén tinh bi chan.
Ching minh. Dat

F = sup ’f|7 B:SUP‘UO’aM: sup ’u‘
R

R7x (0,7 R7x(0,T
Khi d6
(£u); — A(£u) + c(fu) = £ f < F trong R" x (0,77,
fu(-,0) = £ up < B trén R".
Xét ham

v(z,t) = (B + F't) + vg(x,t),

trong d6 vg sé chon sao cho

vt — Avg + cvg >0 trong By x (0,77,
vg(+,0) >0 trén Bg,
vg >M trén 0Bg x (0,T].

Khi d6 do ¢+ ¢g > 0, e > 1 nén

v — Av+cv >F > (£u); — A(£u) + ¢(£u) trong R™ x (0,77,
v(-,0) >B > fu(-,0) trén Bg,
v >M > +u trén 0Bg x (0,7].

Stt dung nguyén ly so sanh ta c6

|u| < wv trong Bgr x (0,T].
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Ham vg(z,t) can tim
M
vp(x,t) = ﬁeq’t@nt + |z ?).

C6 dinh (z,t) € R" x (0,T]. Lay R > |z| ¢6
t)] < £) = (B + Ft) + L oot (o 2
Cho R — oo ta c6 ude lugng tién nghiém can chitng minh. O

Trong Dinh 1y 1.25 néu thay f = 0,c¢ = 0, ta c6 thé néi rong gia thiét bi chin cia
khong gian nghiem bdi do ting mil va thoi gian T c6 thé ra vo ciing bang cach ding
1.20.

Dinh 1y 1.26. Gid st v € C*'Y(R" x (0,7]) N C(R" x [0,T]), T > 0 hitu han hodc

T = 400, la nghiém cia

u — Au =0 trong R™ x (0,77,
u(-,0) =ug trén R",

u(z,t)| <Me™F (z,t) € R™ x (0,7,
vdi M < A la cdc hang s6 duong, uy € C(R™) bi chan. Khi dé

sup |u| < sup |ugl.
R" (0,7 Rn

1.3.4 Danh gia gradient

Giéng nhu ham diéu hoa, ta ding biéu dién tich phan (cong thiic Green, tich chat
gia tri trung binh) dé dua ra danh gia gradient. Cach tiép can ctia S. Bernstein dung
nguyen 1y cuc dai dé dua ra danh gia gradienr cho ham diéu hoa ciing st dung duge
cho phuong trinh truyén nhigt. Véi r > 0, nhac lai ky hieu Q, = By x (—r?,0].

Dinh 1y 1.27. Cho u € C?Y(Q,) N C(Q1) théa man phuong trinh truyén nhiét trong
Q.. Khi dé
sup |V u| < C sup |ul,

1/2 p Q1

trong dé hang so duong C chi phu thudc s6 chieu n.
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Chitng minh. Lay n € C*°(Q,) sao cho n = 1 trong Q12, va n = 0 ngoai Q4. Ta sé

tim hing s6 duong a dé
(0 — A (| Vul* + au®) < 0 trong Q. (1.13)
Lai ¢6 n?|V,u|? + au? > 0 trong @, nén theo Dinh Iy 1.17 ta c6
max(n?|Vul? + au?) < max(n?|Vul* + au?).
Q1 OpQn
Tt tinh chat ctia n ta c6 danh gia gradient can ching minh. Ta con phai chiing minh

(1.13).
Ta tinh toan lan lugt nhu sau:

o (0 —A)(?) = 2n(0, — A)n — 2|Ven|*.

o (0 — A)(u?) = 2u(d; — A)u — 2|V,ul* = =2|V,ul?.

Cong thiic Bochner

(0r — A)(|V,ul?) = =2|V2ul* + 2V,u - V,(up — Au) = —2|V2ul?.

Véi ¢ € C5°(B1),¢ 2 0, ¢6

(0 = D)@l Voul’) = Ve (0 = D)o = 4 Y pujta tae; — 20| Vaul.

ij=1

Chon ¢ = n? ¢6 |V,p|*/ = 4|V,n|*. Két hop véi cac tinh chat & tren ta c6

(0 — A) (1P| Vul?) > 2(n(n: — An) — |Vun]?) | Vaul?—

- 2172|Viu|2 - 477 Z Na; Uz ; Ugz; -

ij=1
St dung bat dang thrc
nQUin + 47]31,“33] Z 4’7777:61“96]“%96]
ta c6

(8 — A)(P|Vul?) > 2 (n(n: — An) + 3|Van]?) [Veul® < C|V,ul?,

v6i C' = 2max(|n(n: — An)| + 3|V.n|?) 1a hang s6 duong chi phu thuoc n.
Q1

T céc tinh toan trén lay o = C ta ¢6 (1.13). O
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1.3.5 B4t ding thic Harnack

Ta bit dau bing viéc tinh toan trén nghiém dac biét (dich chuyén ciia nghiem co
bén)
1 _lz—gf?

U(Z',t) = W@ 4t

clia phuong trinh truyén nhiét u; — Au = 0 trong R™ x (0,00). Véi bat k¥ cap diém
(Q?l,tl), (%2, tg) e R"™ x (0, OO) co

U(Il)tl) _ <t_2>n/2 ‘1’2*5‘2_“?14;1&2.

e 4to
u(z2, t2) ty

St dung bat déng thitc Cauchy-Schwarz cho p/v/a, ¢/vb va \/a, Vb v6i p,q € R,a >
0,b>0taco

2 2 2
rLoe . et
a b~ a+b
Dau ” =" xay ra khi va chi khi bp = aq. Bat dang thiic nay dan dén, v6it, > t; > 0

’552 —512 < ’1’2 —351\2 ’5C1 —512
tQ - t2 _tl tl

2 2

v6i dau 7 =7 x4y ra khi va chi khi

toxy — 1129

: ty — 11

Khi do

ulrt) <t—2>n/zef<3ﬂj
u(xe,ta) — \ g ’

véi bat ky ¢ — 1,25 € R® va t, > t; > 0. Bat dang thitc nay chinh 1a bat déng thrc

Harnack. Duéi day ta sé chi ra bat ding thic Harnack la tinh chat chung cho tat ca

cic nghiém clia phuong trinh truyén nhiét trong toan khong gian. Ngoai ra chiing con

thoa man bat dang thic Harnack dang vi phan. Quay tré lai nghiem dac biet tren dé

thay dang ciia bat ding thiic Harnack dang vi phan cho phuong trinh truyén nhiét.

y n > )
bat v=Inu = —5 In(4rt) — T Tinh toan ta co

n |z T
U=t VYT Ty
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Bét dang thic Harnack dang vi phan trong truong hop dac biét tré thanh dang thic

n

=5 |Voul* trong R™ x (0, 00).

(o

V6i nghieém bét ky ctia phuong trinh truyen nhiét trong toan khong gian ta c6 bat dang

thic Harnack dang vi phan sau.
Dinh ly 1.28. Cho u € C*'(R™ x (0,T)]) théa man
ur — Au=0, u>0 trong R" x (0,7].
Khi dé, néu v =Inu thi
n 2 n
Ut o > |Vu|* trong R™ x (0,T].

Trude khi ching minh bat dang thiic Harnack dang vi phan trén, ta sé diing n6 dé
dan dén bat dang thiic Harnack.

Dinh ly 1.29. Cho u € C*'(R™ x (0,T)]) théa man
ur —Au=0, u>0 trong R" x (0,7].

Khi dé vdi bat ky v — 1,29 € R vaty >t > 0

T'L/2 zog—x1|2
—u(xl’tl) < (t—2> e‘4<2t2*t11‘>.

U(ZEQ,Ifg) - tl

Chatng minh bat dang thic Harnack. Lay v = Inu vh dudng cong x = x(t),t € [ty,ts]
c6 hai dau 1, zo. St dung bat dang thitc Harnack dang vi phan

d dx n dx
- - s 2_ - e
dtv(m(t),t) v+ Vo i Vol 5 T \ =
L|da]? n
— 4|dt 2t

Lay tich phan hai vé

dx

dt

2 n t
dt — = 1n (—2)
2\ 4

1 [
U(Q?Q,tQ) — U(Jfl,t1> Z _Z__L/
t1
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Cuc tiéu hoa tich phan [, |dx/dt[*dt ta c6 27 (t) = 0. Khi do

To — X tox — 1 — tix
o(t) = 2 1 2 179
to —tg to —ty

Tinh toan trd lai

t_Q) Lz al

n
) < t —1 _—
v(xy,t1) < (T, t) + 5 0 <t1 Wty — 1)

hay ta c6 bat ddng thiic Harnack can ching minh. [
Ta chting minh bat ding thic Harnack dang vi phan nhu sau.

Chatng minh bat dang thiic Harnack dang vi phan. Lay ny € C3°(Bi;[0,1]) théa man
no = 1 trong Bys. Dat n(-) = no(-/R), R > 1. V6i méi a € (0,1) ta sé& tim hang s6
duong C,, dé c6 bat dang thiic sau

2 Cat
1- —0675772(0z|Vv|2 — ) + 77 > 0 trong Bg x (0, 7. (1.14)
n
Khi d6 v6i méi (x,t) € R™ x (0,T] ¢b dinh, 1lay R > |z|, ¢6 (1.14). Cho R — oo, véi

cha y n =1 trong Bg/, ta co

n
Vo(z, t)]? — 1) > —.
a|Vu(z, t)|” — v(z )__2at

Lai cho o tiang dén 1 ta thu dugc bat dang thic Harnack dang vi phan can ching
minh. Ta con phai ching minh (1.14).
Dat f = a|Vu]? — v, g = tn*f, ta c6 (1.14) tré thanh

2 Cat
1-— Fag—l— 7 > 0 trong Bg x (0,T].

Dé chi ra (1.14) ta chi ra c6 hing s6 duong C,, dé

20 Cki). (1.15)

m%%—Aw+ﬂﬂ%Vn—ﬁVw'g§g<hugg+7g

That vay, bang cach xét trén Bg x (e, T] 16i cho € — 0% ta c6 thé gia st u lién tuc dén
tan t = 0. Khi d6 ham

20 Cut
h($,t) :1—794“?
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lien tuc trén Br x [0,T]. Gia st khong c¢6 (1.14), nghia la

“min h <O0.
BRX[O,T]
Lai co6
e khi ¢t =0 thi h(x,t) =1,
Cut
e khi |z| = R thi h(z,t) = 1+ﬁ > 1.

Do dé c6 diem (Io,to) € Br x (0,T} dé
h(.To,to) < 0.
Khi do

n

) g(fljo,to) = % (1 —+ R — h(l'o,to)) >0

e Vh(zo,to) = 0 hay Vg(zo,to) =0,

® hi(xo,to) — Ah(zo,to) < 0 hay

n (C,
g1(xo, to) — Ag(xo, to) = — (— — hi(zo, to) + Ah(xy, t0)> > 0.

200 \ R?

Tai (l’o,to) co

ton* (o, to) (gt (o, to) — Ag(zo, to))+
+2t0(2n (o, to) V(x0, to) — 07 (20, to) Vu(zo, 1)) - Va(mo, to) > 0,

2c Cato
to)[1—— t < 0.
9(o, o) ( - g(wo, to) + Jiz )

37

Diéu nay mau thuin vé6i (1.15). Nhu vay diéu gia st sai hay ta chi con phai chiing minh

(1.15). Dé chitng minh (1.15) ta chting minh

fom Af = 2V0- VI < =T (2421 - a)[Vo ),

(1.16)
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That vay, truée hét tit g = tn?f,n chi phu thuodc z, tinh toan ta dugc
g =0’ f + 1’ fy,

Vg =tfV(n*) +tn’V/,
Ag =tfA(°) + 2tV (1?) - Vf +tn’Af

hay

t772ft =gt — %7
V 2
0PV =vg - Ty,

Ay 420 (g, - Y0)

t?’Af =Ag —

V 2 v 2\1|2 A 2
=Ag — 2 ;Z)-Vg+(2| (7;74)| — 7(72)>g

Thay vao (1.16)

tn*(ge — Ag) + 2¢(V(n*) — V) - Vg—
2112
- (772 + 2’5% — tA(?) = 2tV (1%) - Vv)g <

2a
< —7(92 + 2t772(1 — a)\Vv|2g).

Nhic lai tinh toan

V(*) = 20V, A(n®) = 2|Vl + 2nAn
va dung bat dang thic

2y]2
7’/2|VU|2 Z _ n % ’V(ﬁ )l

(e
tV(n?) - Vo + o0 —a) =

(1-o)

ta co
tn*(g: — Ag) + 2t(2nVn — n*Vv) - Vg <

2a n
<g {772 - 9tt (6|V77|2 — 2nAn — a(l—_a)WnF) } :
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Lai c6 n(-) = no(-/R),n0 € C§°(By) nén
6|Vn* — 2nAn — ——— V2 ) () =
a(l — a)
= L (6/Vnol? — 2002m0 — —"—|Vnol? ) (a/R)
~ Rp2 Tlo TS0 a(l—a) "o )LL)

Lay

n
C, = 6|Vno|* + 2|meA
Sglp ( ’ 770‘ + ‘770 770‘ + Oz(l _ a)|V7}0|2>

ta c¢6 (1.15). Ta con phai chiing minh (1.16).

Do v =Inwu nén
Uy Vu Au  |Vul?

v=—Vo=— Av=— — —F.

u u u u

Ma u 14 nghiém ctia phuong trinh truyén nhiét nén
vy = Av + |Vl

hay
f=alVo]* —v, = —Av — (1 - a)|Vo|]%

Dat w = Av,® = |Vv|?. Tinh todn ta duge:

w; =Av; = A(Av + |Vo]?) = Aw + A|Vo?
A|Vo? =2|V20|? + 2V - V(Av) = 2|V?0|* +2Vv - Vw

va

@ =2Vv - Vo, = 2Vv - V(Av + |Voul?)
=A|Vo]* - 2|V20]* + 2V - V&.

Nhu vay ca w,@ déu théa man phuong trinh tuyén tinh
¢ — Ag — 2Vv - Vq = —2|V%0]?
nén t6 hop tuyén tinh ctia né f = —aw — (1 — a)@ thoéa man

fi — Af —2Vv - Vf = —2a|V*|%.

39
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St dung bat dang thiic

- 1
2,12 > 2 > - A 2
ASGEDIEMERTD
va
(Av)* = (IVo]* —v)* = (1 — )| Vo] + f)* = f2 +2(1 — o) [V [*f.
Tu day ta c¢6 (1.16). Ta da hoan thanh ching minh. O

Dung béat dang thic (1.14) v6i R = 1 va chi § 19 = 1 trong By ta thu duge bat
dang thitc Harnack dang vi phan cho mién khong gian hitu han

Dinh ly 1.30. Cho u € C*'(B; x (0,1]) théa man
ur — Au = 0,u > 0 trong By x (0,1].

Khi dé vdi bat ky « € (0,1),v = Inu thda man

n

v, — a|Vol? + 5o

+ C >0 trong By s x (0,1],
trong dé hang s6 C chi phu thuoc n, o.

Bing cach lay tich phan duong, tit bit déng thic Harnack dang vi phan ta thu
dugc bat dang thitc Harnack cho trudng hop mién khong gian hitu han.

Dinh 1y 1.31. Cho u € C*!(B; x (0,1]) théa man
uy — Au = 0,u > 0 trong By x (0,1].
Khi dé vdi bat ky (x1,t1), (x2,12) € Bija x (0,1] va ts > ¢ ta 6
u(zy, t) < Cu(xe, ta),
trong dé hdang s6 C chi phu thudc n,ty/ty, (ta — 1)L

Tu bat dang thiic Harnack ta dan dén nguyén 1y cuc dai manh cho nghiém khong
am u € C?Y(B; x (0,1]) ctia phuong trinh truyén nhiét trong B; x (0, 1]. Cu the, néu
c6 (o, t0) € B1(0,1] dé u(xg,tp) = 0 thi tit bat dang thitc Harnack ta c6 u = 0 trong
By x (0,t9). Két hgp véi tinh lién tuc clia u ta ¢c6 v = 0 trong By x (0, to].
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1.4 Phuong trinh khéng thuan nhat
Trong muc nay ta quan tam dén phuong trinh khong thuan nhat

uy — Au = f trongQ x (0, 00).

1.4.1 Phuong trinh khong thuan nhat trén toan khéng gian
Nhéc lai nhan nhiét, hay nghiém co ban

1 |2

K({E,t) = WB_T, (.I,t) € R™ x (O, OO)

Giong nhu trong phuong trinh Poisson, thay vi xét thé vi Newton ta xét
t
o) = [ds [ K- p.9) )i (1.17)
0 R™
Tt tinh chat ciia nhan nhiet ta c6

t
W@méswlﬂ/% K-y s)dy—t sup |f]
0 R»

R™x (0,00) R x (0,00)

nén néu f bi chan trong R™ x (0,00) thi

li t) =0.
Jim sup u(z,¢)

Néu chi c¢6 tinh bi chin ctia f thi w chua chiac thuoce 16p C*!. Ly do tit nhitng tinh

to4n sau:
T |2
Klxt)=———¢ 3t t>0
V) = = Sy 170
1 2?2 [ x T 1
V2K(x,t)=————¢ 2t | — @ ———Id).t>0
(@ 8) =gy (Qt T ) ’

va, bing cach déi bién z = 22v/t,t > 0,

1 1.2 ’Z‘ C
VK (x,t)|de =——= e PP gy = 22
| vEGie ——g [ e R 2
1 2 D,
V2K (x,t)|dx > / 21 1 e Pdz = =2,
o T2 Jou | ;
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Khi d6 |VEK| € L'(R" x (0,T)) con |[V2K]| & L (R™ x (0, T)) véi bt ky T > 0. Do d6
néu f € L®(R" x (0,7)) thi u € CY(R" x (0,T)) va

Vaat) = [ s [ Koo =00 5)ds

Vu(z,t)] <20Vt sup |f].
R7x(0,t)
Tuy nhién néi chung v ¢ C*(R™ x (0,7)). Ta can tang do tron ctia f néu mudn
u € CHL(R™ x (0,T)). Cu the ta c6 két qua sau.
Dinh ly 1.32. Cho f la ham lién tuc, bi chan trong R™ x (0,00) vdi Vf cing la
ham lién tuc, bi chan trong R™ x (0,00) va w dugc zdc dinh bdi (1.17). Khi dé u €
C?HR™ x (0,00)) va théa mdn phuong trinh

uy — Au = f trong R" x (0, 00),
ciing nhu dieu kién ban dau

lim w(z,t) =0,z € R".

(@,6)(20,0)
t>0
Hon nita, néu f c6 tat cd cic dao ham riéng lién tuc, bi chan trong R™ x (0, 00) thi u
tron trén R™ x (0, 00).
Chiing minh. Trude hét ta gia st f, V f 1a cac ham lién tuc, bi chin trong R" x (0, 00).
Bing cach doi bién y = x + 224/t — s, nghiém (1.17) tré thanh
1 t
u(z,t) = T/ ds/ e ¥ f(x 4 22V — 5, 8)dz. (1.18)
" 0 n
Tt tinh bi chan cua f ta c¢6 ngay

lim w(x,t) =0,z9 € R™.
(2:6)(z0.0) (z,1) ’

Tu tinh bi chan cia Vf ta c6

1 K 2 1
= d ~ I+l D, W/t — s,5)dz.
/o S/Rne N Sl + s, 8)dz
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Cha y lim e I? ” =0, nen lay tich phan tung phan tich phan trén ta dugc

|z]—o0

Uy, (T, 1) = 7T/2/cis/n N (:c—i—Q\/— s)dz

Tiép tuc dao ham

_|2
Uiy (T, ) = W/Q/ds/n “l

Quay tr6 lai (1.18), dao ham theo ¢ dugc

(z 42Vt —s,s)dz

u(w,t) = i/z/ e P f(z, t)dz+

—|2)?
7T"/2/ ds/n

Tu tinh bi chan va lién tuc clia V,f ta dan dén U, Ug,z; 1& cac ham lien tuc theo
(x,t) € R™ x (0,00). Hon ntta

z Vaof(x 4+ 22Vt — s, 5)dz.

— Au = f trong R" x (0, 00).

Vé6i gid thiét f c6 cadc dao ham riéng moi cap theo bién z lién tuc, bi chan trong
R™ x (0,00), tut (1.18) ta ¢6 u c¢6 dao ham riéng moi cap theo x la cdc ham lien tuc
tren R™ x (0,00). Lai ¢6 us = Au + f nén u; va cadc dao ham rieng theo bién z ctia n6

déu la ham lién tuc trong R"™ x (0, 00). Tiép tuc dung
Uy = Aug + fr = A(Au+ f) + fi

ta c6 uy va cac dao ham riéng theo bién z clia n6 cling déu la ham lién tuc trong
R" x (0,00). Cif tiép tuc nhu nay ta c6 u la ham tron trong R"™ x (0, 00) khi f c6 cac

dao ham riéng ctia né lién tuc, bi chan trong R" x (0, 00). O]
Tu Dinh 1y 1.4 va Dinh Iy 1.32, v6i cac gia thiét g, f nhu trong cac Dinh 1y nay

ta co

u(e,t) = | K(z =y, t)uo(y)dy+

]Rn

+/ ds | K(x—uy,s)f(y,s)dy
0 R
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1a nghiem C??! ctia bai toan

uy — Au =f trong R" x (0, 00),
u(-,0) =up trén R".

1.4.2 Phuong trinh khong thuan nhit trong mién bi chin

Trong muc nay ta xét mién Q bi chan trong R”. Dé giai bai toan bien hén hop cho

phuong trinh khong thuan nhat

u — Au =f trong Q x (0, 00), (1.19)
u(z,t) =g(z,t) trén 02 x (0, 00), (1.20)
u(-,0) =up trén Q (1.21)

doi hoéi kha nhieu ki thuat. Toi chi trinh bay huge do gidi bai toan bién hén hgp nay.

Ciing gidng bai toan gia tri ban dau trén toan khong gian, ta can dén nhan nhiet.
Dinh nghia 1.2. Ham ¢ € C?*1(2 x 2 x (0,00))NC(Q x Q x [0,00)) duge goi 1a nhan
nhiét ctia mién € néu

g — Arq =0 trong 2 x Q x (0, 00),

q(z,y,t) =0 khi z € 0Q,y € Q,t > 0,

lim | q(z,y,t)f(x)dr = f(y) khiy € Q, f € C(Q).

=0t Jq
Méi quan hé giita nhan nhiét trong € va nghiém co ban
q(z,y,t) = K(x —y,t) + p(x, y, 1)
trong d6 pu(x,y,t), v6i moéi y € Q cb dinh, 1 nghiem clia bai toan

e — Ay =0 trong 2 x (0, 00),
lu('v Y, 0) =0 tréen Qa
p(z,y,t) = — K(z,y,t) khi (z,t) € 09 x (0, 00).
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Nghiém cta bai toan nay dugc cho bdi
t
p(x,y,t) :/ ds/ Yz, z,t — 8)K(z,y, s)dS,
0 o0

trong do

n

t
¥(z, 2,t) :28,,ZK(:E—z,t)+2/ds/0,,<K(x—C,t—S)ZSi(g,z,s)dSC,
0

=1

o0
\(Ol
Si(z, z,t) =20, K(x — z,t),
Siv1(x, z,t) =2 /t ds Si(x, z,t — 5)0, K(C — 2,5)dS;.
0 o0
V6i

feC(2x[0,00)),g9 € C(ON x [0,00)),us € C(Q)

nghiém cta bai toan (1.19)-(1.21) dugc cho béi

u(z,t) :/0 ds/ﬂq(m,y,t—s)f(y,s)dy—l—
+ [ ottty = [ as [ 0,00 =900 5)a5,
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