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Chuong 1

Phuong trinh dao ham riéng cap 1

1.1 Siéu mat khong dac trung

1.1.1 Mot s6 ky hiéu

Tap N Ia tap cic s6 tu nhién 1,2,.... Tap Z, la tap cac s6 nguyén khong am
0,1,2, ...
V6i moi n € N, tap Z7 la tap cac da chi s6 a = (aq,...,a,) véi do dai

lal =a1 4+ ... .
Méi diém x = (z1,...,z,) trong khong gian Euclide R” c6 chuan Euclide
2| = (a:f+---+xi)1/2.

Tap con 2 C R® dugce goi 1a mot mién néu né md va lién thong.

Néu khong c6 gi dic biet Q duge hiéu l1a tap mé trong R™. Khi do:
e C(Q) 1a khong gian gom cac ham u : Q — R lieén tuc,

o C™(Q),m € Z,, 1a khong gian gom cac ham u : Q — R kha vi lien tuc dén cap

m,
o C®(Q) = Npez, C™(Q).

V6i £ e R" ue€ C°(Q),a € 77}
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a __ ¢ a
o Lr =L o,
ou
o 0% =03 ...00mu, Opu = ,
" ' axl

o V"u = (9°U)|a=m,m € N c6 chuan
1/2
|V™u| = Z |0“ul? :
|a|=m
e m=1c6Vu=(dyu,...,0,u)la véc-to gradient ciia u c¢6 chuan

V| = (|0nuf2 + - + |9, uf2)

2 N ~ . 2 2 2
e m=2c6 Viu= (agileb)lgi’jgn la ma tran Hessian ctia v c6 chuan

n 1/2

ij=1

V6i 1 < p < oo, khong gian cdc ham p—kha tich LP(Q2) gom cac ham f: Q — R do

dugc thdéa man

[lr@ras <o

vOl chuan
1/p

17l = | [ 1re)pas
Q
Véi p = oo, khong gian L>(Q) gom cac ham f : Q — R bi chan hau khap noi véi chuan
| flloo = inf{M : |f(x)] < M h.k.n}.
Dic biet véi p = 2, L2(2) 1a khong gian Hilbert v6i tich vo huéng

(f,9) = /f(x)g(x)d:c.
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1.1.2 Dinh nghia va cac vi du
Trong muc nay xét phuong trinh vi phan cap 1 trong 2 C R®
F(z,u,Vu) =0 trong €, (1.1.1)

trong d6 F: Q x R x R® — R 14 ham tron cho trude, u : Q — R 14 nghiém can tim.

Trude hét ta quan sat vi du sau.

Vi du 1.1. Trong R? ta xét phuong trinh
u + uy = 0.
Khong kho dé tich phan phuong trinh trén, ta cé nghiém tong quat ciia né
u(z,t) = uo(x —t)

v6i ug € CHR). C6 thé thidy ham ug hoan toan xac dinh khi ta biét gia tri ban dau

clua u.

Qua vi du trén dé xac dinh cu thé nghiém ctia phuong trinh (1.1.1) ta can biét
trudc nghiém trén mot siéu mit.

Lay I' Ia siéu mat tron trong R™, cat mién  nghia la QN T # (. Ta quan tam dén
viéc situ mit 3 nhu nao dé phuong trinh (1.1.1) gidi duge khi biét them diéu kien

u = ug trén X (1.1.2)

v6i ug : X — R 13 ham cho trude. Ta thuong goi X 1a siéu mat ban dau, ug 1a gia tri
ban dau hay gia tri Cauchy. Bai toan (1.1.1)-(1.1.2) dugc goi la bai toan gia tri ban
dau hay bai toan Cauchy.
Mot trong nhitng céch tiép can dé giai bai toan Cauchy (1.1.1)-(1.1.2), cho cac diéu
kién t6t nhat c6 thé, ta tim nghiem t6t nhat c6 thé. Cu thé hon, ¢d dinh g € QN T,
gid st ¥ la mat gidi tich gan x, ciing nhu diéu kién ban dau giai tich gan z. Ta tim
nghiém giai tich gan zy hay néi cach khac tim tat cd cac dao ham riéng moi cap clia
u tai xg.

Ta bat dau tit truong hgp don gidn nhat, phuong trinh (1.1.1) 1a phuong trinh tuyén
tinh

a(x) - Vu + b(x)u = f(x) trong €, (1.1.3)
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trong d6 Q C R™ a4 mién chita gbc, sieu mit 3 = {z,, = 0}, cdc he¢ 86 a = (ay,. .., a,),

b, f 1a cac ham tron trong 2. Ta tim nghiém

u(zr) = Z a0 T

ani

hay néi cach khéc ta can tinh

T diéu kien ban dau ta tinh duge u(0) = ug(0) va
U, (0) = up4,(0),0=1,2,...,n — 1.
Dé tinh duge u,, (0) tit phuong trinh (1.1.3) va thém diéu kien
a,(0) #0 (1.1.4)

ta tinh duge

e, (2) = = (iaxx)um(wa(x)u(x)—f(x))

an(ac)

khi x du gan gbc, dic biet tai z = 0.

Tiép tuc tinh cdc dao ham riéng cap 2 ¢

Ug; (0) =U02,0,(0), 1,5 =1,2,...,n— 1,
uﬂ?zmn(o) :aﬂﬂzuxn(o)a =1, 27 on—1

Dé tinh dao ham rieng u,,,,(0) ta dao ham phuong trinh (1.1.3) theo bién z,, va tiép
tuc dung diéu kién (1.1.4)

Uy, 2, (T) = — antl‘) (i a;(z)ug, (x) + Z i o, (T )y, (2)+

+ (bu)a, () = f, ($)>

khi z du gan gbc.

Ctt tiép tuc nhu vay ta tinh dudce tat ci cdc dao ham riéng clia u tai géc. Dicu kien
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(1.1.4) duge xem nhu 1 diém mau chét clia cach gidi trén. Ta thuong thuong diéu kién
(1.1.4) la siéu phang {z,, = 0} khong dac trung tai goc.

Mot cach tong quat, van xét phuong trinh (1.1.3) v6i didu kién ban dau dat trén sieu
mit X = {p = 0}, vdi ¢ 1a ham tron quanh goc thdéa man Ve # 0, p(0) = 0. Khi d6
Vo la truong véc-to phap tuyén clia sicu mat ¥. Khong mat tinh tong quét ta gia st
¢z, (0) # 0. Khi d6 theo dinh 1y ham an ta c6 thé gidi ¢(z) = 0 bdi x,, = (a1, ..., 2,)

quanh mot lan can cta goc. Ta xét phép ddi bién
x>y =(T1,...,Tn1,0(x)).
bat v(y) = u(z(y)) trong d6 z(y) = (Y1, -, Yn-1, YW1, - - -, Yn_1)). Khi d6
Vou= (Vyy)V,v

v6i ma tran Jacobi ciia phép doéi bién

1 0 -~ 0 0
0

Vay =
o 0 - 1 0
Pr1 Pos 7 Prny Pan

Khi d6 phuong trinh (1.1.3) trong hé toa do méi
((Vey)a) - Vu+bv = f

va didu kien ban dau duge dit trén sieu phang {y, = 0}. Theo trén dé giai dugc bai
toan Cauchy cho phuong trinh (1.1.3) v6i diéu kien Cauchy dat trén sieu mat {p = 0}
la he s6 cta vy,,,

a-Ve #0tai z=0.

Tu day ta c6 khai niem khong dic trung cho toan tit vi phan tuyén tinh cap 1.

Dinh nghia 1.1. Cho

n

L= Z a;(z)0,, + b(x)

i=1
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13 toan tt vi phan tuyén tinh cap 1, véi cac hé s6 a;,b 1a cac ham tron trong mién
Q) C R™. V6i zy € Q va siéu mat giai tich ¥ di qua diém z, ta néi ¥ khong dac trung

tai diém zy d6i véi toan tit L néu
a(zg) - v #0 (1.1.5)

trong d6 v 1a vec-to phap tuyén clia situ mat X tai xo. Ngudc lai ta néi ¥ dic trung

tal Zg-

Sieu mit duge goi khong dac trung néu né khong diic trung tai moi diém. Siéu mit
duge goi la dic trung néu né dic trung tai moi diém.
Vé mit hinh hoc, siéu mit khong dac trung tai diem zy néu trudng véc-to a(x) khong
tiép xic véi sieu mat tai diem zo. Khi d6 tinh khong dic trung bat bién qua C'—phép
doi bién.

Tiép theo ta quan sat bai toan Cauchy cho phuong trinh tita tuyén tinh

a(z,u) - Vu = f(x,u) trong Q (1.1.6)
v6i Q C R™ 13 mién chita gbe, va diéu kien ban dau dat trén siéu phang {z, = 0}
u(+,0) = up.

Lam tuong tu trén ta c6 thé thay diéu kien khong dic trung (1.1.4) trd thanh

a,(0,up(0)) # 0.

So véi diéu kién khong dac trung khong phu thude vao diéu kien ban dau ciia phuong
trinh tuyén tinh (1.1.3), v6i phuong trinh tya tuyén tinh (1.1.6) ¢6 diéu kien khong
dac trung phu thuoc vao diéu kién ban dau.
Mot cach tong quat, véi zy € 2 va siéu mit ¥ tron di qua diém g, khi d6 sieu mat ¥
dugc goi 1a khong dic trung tai diém xy d6i véi phuong trinh (1.1.6) va diéu kieén ban
dau uy néu

a(zo, up(zo)) - v # 0 (1.1.7)
trong d6 v la phap tuyén clia sicu mat ¥ tai diém .
Dé di tiép, ta thit nhin khai niem khong dac trung khi sieu mit ¥ duge cho dudi dang
tham s6 hoa

T = xl(y)a o, I = xn(y)ay = (yh < 7yn71) € U7
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v6i U chita gbe va 2(0) = xo. Khi d6 sieu mat 3 didc trung tai zg néu trudng véc-to
a(zo,u(xg)) tai o ndm trong khong gian tiép xic véi sieu mat X tai xg, n6i cach khac

dinh thtc cia ma tran

aylflfl(O) 8y2:v1 (0) e ayn_lxl(()) aq (CL’(), UO(I()))

Oy 22(0)  Opa(0)  --- 9y, @2(0)  az(wo, uo(wo))
(9y1 C(]n_l(()) 8y2l’n_1<0) e aynill’n_l(()) an_l(l'(), Uo(l’o))

Oy, 24,(0) Oy tn(0)  --- 0y, ,2,(0) an (o, up(o))

bang 0. Ngudc lai ta c6 khai niem khong dac trung.
Ta chuyén dén phan khé nhét, xét phuong trinh cap 1 dang téng quat

F(z,u(x),p(x)) = 0 trong € (1.1.8)

trong do6 p(z) = Vu(x), F : Q@ x R x R”™ — R kha vi, véi diéu kien Cauchy dit trén
mat ¥ = {z(y) : y € U}, U tap md chita goc trong R"~! z(0) = zg, cho béi

u(z(y)) = uoly),y € U. (1.1.9)

Dé giai bai toan Cauchy trén ta can tim dugc truong ¢(y), y € U, trén siéu mat ¥ thoa

man

F(z(y), uo(y), q(y)) = 0 khiy € U, (1.1.10)

> 0y, (y)a;(y) = By uo(y) khiy € Ui =T n. (1.1.11)
j=1

Ta thuong giai bai toan Cauchy (1.1.8)-(1.1.9) quanh lan can ctia diém xo. Mudn vay
ta can c6 10i gidi ctia he (1.1.10)-(1.1.11) quanh lan can ctia goc, dac biét tai goc he

F(ZL'(), Uo(O), Q(O)) = 0,

> 0,,25(0)g;(0) = dy,u0(0),i =T, n— 1,
j=1

c6 nghiem. Diéu kién nay duge goi 1a dieu kién tuong thich (compatibility condition).

Tiép dén ta can he (1.1.10)-(1.1.11) ¢6 nghiém quanh lan can ctia goc. Chd nay ta can
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dén dinh Iy ham an. Cu thé néu dinh thic ctia ma tran

ay1901(0) 8y2$1<0) T aynfliﬁl(o) aplF(IO; uo(0),¢(0))

ay1 1‘2(0) 8925132(0) T ayn_1x2(0) asz(ajOa UO(())? Q(O))
Oy 2p-1(0) Opn1(0) -+ Oy, 20—1(0) Oy, F(20,u0(0),q(0))

Oy, 2,,(0) Oy (0) -+ 0y, ,x,(0) Op (0, u(0), ¢(0))

khac 0, trong d6 ¢(0) 1a véc-to gidi duge tur diéu kién tuong thich, thi he (1.1.10)-
(1.1.11) giai duge quanh lan can ctia goe. Diéu kién dinh thitc khac 0 ¢ trén chinh 1a
diéu kién khong dic trung clia sieu mat ¥ tai xo d6i véi bai toan (1.1.8)-(1.1.9) va ¢(0).
Nhu vay so véi truong hgp phuong trinh tya tuyén tinh va phuong trinh tuyén tinh,
phuong trinh dang tong quét can dén diéu kién tuong thich. Khi diéu kién tuong thich
duge théa man thi ta méi dén dieu kien khong dac trung. Khi diéu kieén tuong thich
khong duge théa méan bai toan Cauchy (1.1.8)-(1.1.9) vo nghieém. Ciing rat c6 thé c6
nhiéu ¢(0) dé c6 diéu kién tuong thich. Khi d6, néu diéu kién khong dic trung véi ting
q(0) dugc thoéa man, bai toan (1.1.8)-(1.1.9) ¢6 nghiém v6i méi ¢(0). Nhin lai phuong
trinh tuyén tinh hay tya tuyén tinh, diéu kién tuong thich tré thanh hé phuong trinh
tuyén tinh luon c6 nghiém, va diéu kién khong dic trung néi rang hé phuong trinh
tuyén tinh nay c6 duy nhat nghiém. Phan giai tiép theo sé duge trinh bay trong muc
sau.

Truée khi két thic muc nay ta nhin phan phuong trinh cap 1 dang tong quét trong
hai truong hop dic biét: truong hop khi sd chieu n = 2 va truong hop khi siéu mat
¥ ={z, =0}.

V6i truong hop n = 2, diéu kién tuong thich 13 he

F(xg,u0(0),a,b) =0,
az}(0) + b’y (0) =u(0),

giai duge (a,b) € R% Gia st (a,b) 1a nghiém ctia he trén, diéu kien khong dic trung

clia situ mat X tai zg = (21(0), 22(0)) dbi véi (a, b) 1a
21 (0) Fp, (20, ug(0), a, b) — 24(0) F,, (20, uo(0), a, b) # 0.
Truong hop tiép theo sieu mit 3 = {z,, = 0} nghia 14 n6 dugc tham s6 héa bdi

r(2) =z, 2y () =2 g, 2,(2)) = 0,2" = (24, ..., 20 1) €U
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Khi dé diéu kien tuong thich chuyén thanh viéc phuong trinh
F(xg,up(zo), Vaug(z),a) =0

c6 nghiem a € R. Gia stt a € R 13 nghiém ctia phuong trinh trén, diéu kién khong dic

trung clia siéu mat X tai o d6i véi a 1a

Fp., (an Uo(ﬂfo), V:pfuo(xo), CL) # 0.

Mic du khi dua ra cac diéu kién tuong thich ciing nhu tinh khong diic trung ta can
dén viec tham s6 hoa siéu mat ¥, nhung khi phan tich ki hon ta thay diéu kién tuong
thich, tinh khong dac trung hoan toan khong phu thuoc vao tham sé hoa cu thé. Néu
sieu mit ¥ duge cho bdi nghiem ctia phuong trinh {¢ = 0}, Vo # 0, ta c6 thé chuyén
né vé trudng hop sieu phang {z,, = 0} gidéng nhu trong cic phan truée da trinh bay.

Con néu siéu mat ¥ dude cho dudi dang tham so

r1=21(y), 20 = 2,(y),y €U,

v6i ma tran V,z c6 hang n — 1. Khi d6 ta c6 thé gid sit ma tran vuong V,z’ khong
suy bién. Theo dinh Iy ham ngugc ta cé thé giai duy nhat nghiem y = y(a'), 2’ € W.
Dung phép doi bién

Trr— 2z = (l'l, I 7 P xn(y($/)))

ta chuyén siéu mat X vé siéu phang {2, = 0}. Nho chi ¥ nay, trong cac phan tiép theo
ta chi xét cac bai toan Cauchy vé6i didu kién dat trén siéu phang {z, = 0} ma khong

mat tinh tong quét.

1.2 Phuong trinh vi phan cip 1 phi tuyén tong quat

Gia st Q C R” la mién chia goc va F' : Q x R x R™ 13 ham tron. Xét bai toan
Cauchy

F(z,u,Vu) =0, khi z € Q, (1.2.1)

u(x’,0) = up(z'), khi (2/,0) € Q. (1.2.2)
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Dé bai toan c6 nghiém tron quanh gbc toa do ta can c6 diéu kien tuong thich (com-

patibility condition): ton tai s6 thuc ag dé
F(O, Uo(O), VI/UQ(O), ao) = 0,

va dieéu kien ban dau ug(z") 1a ham tron.

Dé gii bai toan bang phuong phap dic trung ta can diéu kién khong dic trung (non-
characteristic condition):

Phuong trinh da cho duge goi 1a khong dic trung tai goc ting vé6i diéu kién ban dau ug

va diéu kién tuong thich ag néu
F,, (0,u0(0), Vyuo(0), ag) # 0.
Gia st cac diéu kien trén dudce thdéa man, xét ham
g(2',a) = F(2',0,up(x'), Varue(z'), a)

thoa méan
9(07 CL[)) = O7ga(07 aO) 7é 0.
Khi d6, theo Dinh I ham an ta c6 thé gidi phuong trinh

g(2';a) =0

theo nghia ¢6 mot lan can U C {2/ € R"' : (2/,0) € Q} ctia 0 vA mot ham tron
a:U — R sao cho

a(0) = ag, g(2', a(x")) = F(2',0,up(x"), Varuo(z'), a(z')) = 0. (1.2.3)

1.2.1 Xay dung nghiém
Quay tré lai bai toan Cauchy ban dau, ta sé tim nghiém tron quanh goc toa do
thoa méan
F(x,u(z), Vu(z)) = 0 trong mot lan can ctia goc V C Q, (1.2.4)
u(z',0) = up(z’), khi (2/,0) € V, (1.2.5)
Uy, (2',0) = a(z”), khi (2/,0) € V. (1.2.6)
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bat p;(z) = ug, (x), phuong trinh da cho trd thanh
F(xy,...,zp,u(x),p1(x),...,pa(z)) = 0.

Co6 dinh j € {1,...,n}, dao ham phuong trinh trén theo bién z; ta c6

Fy 4+ Foug, + Y Fppia, = 0.
=1

Luu § uy, = pj, Pig; = Ugia; = Dja; DEN
Z piPjz; = — F1J+Fupj>

6 thé coi la phuong trinh tua tuyén tinh cap 1 doi véi p;.
Doc dudng cong tich phan (integral curve)

dIi
dS TP
ta co
dp] Opj dx;
Z or; ds o+ Fupj)
va

n

ou dx;

Cac duong cong dic trung nay xuat phémt tai diéu kien ban dau

w(x’,0) = uo(z'), up, (2,0) = a(z’)

nghia la, tai s =0, v6i mdi y € U ta c6

2(0) = (,0),u(0) = uo(y), pi(0) = uo,(y) i = 1,n — 1,pa(0) = a(y).

Nhu vay, véi moi y € U, ta thu duge hé phuong trinh vi phan thusng

dQJz‘ —

E Fpm = 1,n

du “

7o = 2_bif
=1

dp;

ds = _szu F$»L

(1.2.7)

(1.2.8)

(1.2.9)
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v6i diéu kién ban dau

Theo Dinh 1y vé sit ton tai duy nhat nghiém ctia bai toan Cauchy cho hé phuong trinh
vi phan thuong, v6i chi y vé phai 13 cdc ham tron nén Lipschitz dia phuong, ta c6
nghiém khi |s| + |y| nhd

r=1(y,s),u=py,s),p=py,s)

Anh xa (y,s) — x ¢6 ma tran Jacobi

Oz, Oz Om

Y1 OYn—1 Os
J(y7 8) = OTn_1 . OTp_1 Oxp_1

8y1 aynfl Os

Oxn ., Ozn  Ozn

8y1 3yn71 0s

va Jacobien tai goc

L0 Fpl(oauo(o)avu<0))

detJ(0,0) = det
1 Fpn—l(o’ u0<0)7 VU(O))

0 - 0 Fp(0,u0(0), Vu(0))
= £,(0,u0(0), Varug(0), ap) # 0 (khong dic trung).
Theo Dinh 1y ham ngudc anh xa trén 13 vi phoi trong lan can ctia goc, nghia la khi

ly| + |s] di nho ta gidi duge

Ta sé ching minh v = ¢(y(x),s(x)) chinh la nghiém cta bai toan Cauchy (1.2.1)-
(1.2.2).
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1.2.2 Dinh ly ton tai nghiém

Dinh 1y 1.1. Gid st cdc dieu kién tuong thich va diéu kién khong ddc trung (tuong
1ing) théa man, ciing nhu tinh tron cia F va dieu kién ban dau. Khi dé bai toan Cauchy
(1.2.1)-(1.2.2) ¢6 nghiém tron quanh goc.

Chaing minh. Ta sé chiing minh nghiém u = ¢(y(z), s(z)) nhu phan xay dyng nghiem

chinh 14 nghiém can tim qua hai budc:
B1: ching minh F(z,u(z),p(x)) = 0, hay
F(z(y,s),¢(y:5),p(y,s)) = 0 khi [y] + [s] di nhs;
B2: chiing minh w,,(z) = p;(z),i = 1,n, hay
Uz, (2(y, 8)) = pi(y, s) khi |y| + |s| di nho.
Dé lam B1 véi |y| di nhd, ta xét ham

f(s) = F(x(y, 5), e(y, 5), 0y, 5))-
Tu (1.2.3) va (z, ¢, p) théa man cac diéu kien ban dau (1.2.10)-(1.2.13) ta ¢6 f(0) =

Lai c6

d dZ
Zszd +F, SDJFZF], b

va (z, ¢, p) théa man cac phuong trinh (1.2.7)—(1.2.9) ta co f'(s) = 0 khi |s| nhé. Nhu
vay f(s) =0 hay ta hoan thanh BI.
Ta chuyén sang chitng minh B2 bang viéc xét cdc ham, v6i |y| du bé,

wi(s) = Uy, (x(yu S)) - pz(yv S)’
T cac diéu kien ban dau (1.2.10)-(1.2.13) ta ¢6
wi(0) = uy, (2(y,0)) — pi(y,0) = 0,i = 1,n — 1.

Tu (1.2.8) ta ¢d, khi |y| + |s| di nho,

zn:Fpiwi = O,Z :L_TL
i=1
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e thay s =0

n—1

> Fwi(0) + Fy, (5,0, u0(y), Vartio(y), a(y) Jwn (0)

i=1

e dao ham theo bién z;

Z Fpi (uwzwy - piﬂ»’j) + Z Fpiaxjwi = 0.
i=1 =1

Tu diéu kien khong dac trung va tinh tron ctia F' va a, khi |y| di nho

Fpn (ya 07 uO(Z/)? VI/U’O(y)7 G(y)) ?é 0.

Do d6 tur (1.2.14) ta thu dugce w,(0) = 0.

Lai co6

dw]‘ o ~ dIZ dp]
rrD DU

nén tir (1.2.9) va (1.2.15) ta dugc

—2 = Fppia, + ) Fpowywi + Fupj + .
=1

ds 4 ,
=1
Tt két qua Bl
Fa, u(x), p(x)) = 0

ta dao ham theo bién x; dudgc

Fy, + Fuug; + ZF Diz; = 0.

i=1
Thay vao (1.2.16) ta nhan dugc hé

dwj -
T = Ot
i=1
VOl a;; = Fdij + Fy, 2;, 045 1a ky higu Kronecker.
Tém lai ta thu duge bai toan Cauchy cho hé
n

dw; .
ﬁ = Zaljwu] = 17”7

ds ,
=1

(1.2.14)

(1.2.15)

(1.2.16)
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v6i diéu kién ban dau
Wj(O) = 0,] = 1,_7’L

Do céac ham a;; tron nén theo Dinh 1y ton tai duy nhéat nghiém ctia bai toan Cauchy

B2 dugc ching minh xong. O]

1.2.3 Phuong trinh tuwa tuyén tinh
Trong muc nay ta bai toan Cauchy cho phuong trinh tya tuyén tinh

F(z,u,Vu) = a(x,u) - Vu— f(z,u) =0, khi z € Q, (1.2.17)
u(2’,0) = up(z’), khi (2/,0) € Q. (1.2.18)

v6ia, f: Q2 x R — R 1a cdc ham lién tuc cho trude, con v € C*(Q) 1a nghiém can tim.
Trong truong hop a, f khong phu thuoc u thi (1.2.17) 14 phuong trinh tuyén tinh. Lic
nay, diéu kien tuong thich tai diém goc luon dude théa man, va diéu kien khong dac
trung tai goc a,(0,ug(0)) # 0 chi ra rdng c6 duy nhat véc-to p(0) théa man dicu kien
tuong thich

a(0,u(0)) - p(0) =£(0, ue(0)),
pi(0) =up,,(0),i=1,...,n— 1.
Lai dung tiép dieu kién khong dac trung tai goc, he
a(z’,0,up(z")) - p(2',0) =f(2',0, ue(z")),
pi(mlv 0) :qui(ﬂfl),i = 17 s, 17

giai duge duy nhat nghiem p,(z’,0) khi |z’| dd nhd. Nhu vay diéu kién tuong thich
khong can dén vi luon dugce thoéa man. Con diéu kien khong dac trung chua thay dude
vai tro ctia no.

Duong cong tich phan la nghiém ctia hé



16 CHUONG 1. PHUONG TRINH DAO HAM RIENG CAP 1

Tiép tuc con duong nhu véi phuong trinh cap 1 dang tong quat, véi méi y € R*! du

gan goc, ta xét bai toan Cauchy

v6i dieu kién ban dau

z(0) = (y,0),u(0) = uy.
Theo ly thuyét phuong trinh vi phan thuong, khi a, f Lipschitz bai toan Cauchy c6
duy nhat nghiém

x=2xz(y,s),u=u(y,s).

Dén day ta sé thay vai tro ctia diéu kieén khong dac trung tai goc a,,(0,uo(0)) # 0. Ma

tran
8y1$1(0,0) 8y2$1(0,0) tee 8yn_1x1(0,0) (951‘1(0,0)
8yla:2(0, O) (9y2$2<0, O) cee 8yn_1:1:2(0, 0) (931'2(07 0)
8y1xn_1(0, 0) 8y2xn_1(0, 0) ce 8yn71xn_1(0, O) 85$n_1(0, 0)
0y ,(0,0)  0ypx,(0,0) -+ 0y, ,2,(0,0)  0s2,(0,0)

c6 dinh thitc dung bang a,(0,u0(0)) # 0. Do d6 theo dinh ly ham nguge ta giai duge
y =y(z),s = s(z). T d6 ta giai duge duy nhéat nghiem u(z) = u(y(z), s(x)) cta bai
toan (1.2.17)-(1.2.18) trong lan can ctia goc.

1.3 Uéc lugng tién nghiém

Trong phan nay ta xét toan t1it vi phan tuyén tinh (differential operator) cap 1 sau

Lu = u; + Z a;(z,t)ue; + bz, t)u

J=1

v6i aj, b la cac ham lién tuc trén R™ x [0, 00) théa man

1
o] < —.
K
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Méi diem P = (X, T) € R" x (0, 00) ky hiéu nén phu thuoc
Co(P)={(z,t): 0<t<T klx—X|<T—1}
v6i bién xung quanh
0;Cu(P) ={(z,t): 0<t<T,klx—X|=T—1}

c6 phap tuyén ngoai don vi tai mdi diém (z,t) € 9,C(P) \ {P}
1 r—X 1
V= K
K241\ |jz—=X|" )’

0-Cu(P) ={(z,0): klx —X|<T}

va day

c6 phap tuyén ngoai don vi tai mdi diém (z,t) € 9_C,(P)
v=(0,-1).

Méi diem (x,t) € 9,C,(P) c6 duy nhat mot dudng cong tich phan z = z(t), 1a duong

cong thoa méan
dx

dt
di qua diém dé6. Hon nita cac dudng cong nay xuat phat tit diém trong day 0_C,(P)

= a(z,t)

va nam trong nén C,(P) cho dén khi n6 gap (z,1).

1.3.1 L*—danh gia

Trong muc nay ta quan tam dén nguyén 1y ciic dai clia bai toan Cauchy

Lu = f trong R™ x (0, 00), (1.3.1)
u(z,0) = ug(x) tréen R" (1.3.2)

khi ug € C(R"), f € C(R"™ x [0,00). Cu thé ta c6 danh gia sau.
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Dinh 1y 1.2. Gid st u € C*(R™ x (0,00)) N C(R" x [0,00)) la nghiém cia bai todn
(1.3.1)-(1.3.2). Khi dé, vdi méi diem P = (X,T) € R" x (0,00) ta cé dinh gid

swp e Pule )| < swp fug@)| + T sup e f(a,t)]
(z,t)eCk(P) (2,0)€0_Cw(P) (z,t)eCk(P)

vdi hing s6 B > 0 théa man b(z,t) > —pB, (z,t) € Ck(P).
Chiing minh. Lay B’ > B va dat

M= s |u@F= s |7 f(zt)
(2,0)€0-Cw(P) (z,t)eCk(P)

Ta sé chiing minh
e u(a, )] < M +tF, (z,t) € Cu(P)

bang hai budc
Bl: wi(z,t) = e Ptu(a,t) — M —tF <0, (x,t) € Cu(P),
B2: wy(x,t) = e Ptu(x,t) + M +tF >0, (x,t) € Cu(P).

C6 thé thay tit két qua trén khong khé dé dan danh gia can chiing minh bing cach
B — BT. Ta bat dau ching minh B1 véi cha ¥

e wi(x,t) <0 khi(x,t) € 0_Cy(P),
o wyta-Vew =—e b+ BYu+ePf —F, (z,t) € Cu(P)UOCh(P).

Do w; 1 ham lién tuc trén tap compact Q = C,(P) U 9,C,(P)UJ_C,(P) nén c6 diém
(20, to) sao cho wy (g, tp) = maxgwi(x,1).

TH1: hoac (zg,ty) € 0_C,(P) hodc u(zg,tp) < 0 ta c6 ngay diéu phai ching minh.
TH2: (x,ty) € Cu(P) va u(zo,to) >0 ma 5 +b> 5+ b >0 trong C,(P) ta c6

wlt(l’g, to) +a- Vmwl (Io, to) S —€_B/t(6, + b(l’o, to))u(l’g, to) < 0.
Mit khéc (x,t) 1 diém cyc tri clia w; nén

wlt(l'o, to) +a- wal (l’o, to) =0.
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Ta c6 dieu mau thuan hay truong hgp nay khong xay ra.
THS3: (x0,t) € 0;C(P) va u(zg, ty) < 0, tuong tu trén ta c6

wlt([BO, to) +a- wal (1'0, to) S —6_’8/t(6/ + b(l'o, to))U([Bg, to) < 0.

Lai ¢6 trén dudng cong tich phan = = z(t)

dz
. JE—
dt

o (x(t),t) € Cu(P),0 < t < to, va 2(ty) = o,

= a(x,t),

o u(x(t),t) < u(wo,ty),0 <t <ty
nén dao ham doc theo dusng dac trung tai (zo, to)
wlt(xo, to) +a - wal(aro, to) 2 0.

Ta lai ¢6 diéu mau thuan nén truong hgp nay ciing khong xay ra.

Ta da hoan thanh B1. Viéc chiing minh B2 dién ra tuong tir, xem nhu bai tap. O

1.3.2 L[’>—danh gia

Dé c6 danh gia trong khong gian L? ngoai cac gia thiét nhu trong phan L>® danh
gia ta can a; € C1(R" x [0,00)). Cu thé ta c6 danh gia sau:

Dinh ly 1.3 (L?>—dénh gia dia phuong). Gid siu € C'(R"x (0, 00))NC(R" %[0, 00)) la
nghiém ciia bai toan (1.3.1)-(1.3.2). Khi dé, vdi méi diem P = (X, T) trong R™ x (0, 00)

ta co danh gia

/ e~ u?(z,t)dxdt < C / ug(x)dr + / e~ f2(z, t)dxdt

Cw(P) 9_Cr(P) Cw(P)

vdi hang s6 a > 0 théa man M = chga)(a +2b— > a;,,) > 0 va hang so6 C chi phu
B i=1

thuoc M.

Chaing minh. St dung cong thitc dang DIV cho truong F = e~ *'u?(a, 1) va mién Q =
C(P) véi tinh toan
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k3

o divF =Y (e a;u?),, + (e"*u?); ma u la nghiém ctia (1.3.1) nén
i=1

divF = 2e uf + e (Z Q; ; — 2b — a) u?,

i=1

do do6

/ div F(z, t)dzxdt = 2 / e u(x,t) f(z,t)dzdt+

Cr(P) Cx(P)

+ / e (Z Qg (2, 1) — 2b(x,t) — a> u?(x,t)dxdt,
i=1

Cr(P)

e tréen day 0_C,(P) c6 phap tuyén ngoai don vi v = (0,—1) v u thdéa man diéu
kién (1.3.2) nén
/ F-vdS = —/ ud(x)dz,
8_Cu(P)
8_Cw(P)

e trén bién xung quanh 9,C,(P) c6 phap tuyén ngoai don vi
1 r—X 1
v= K
1+ k2 \ |o—X|

1+ v X >0
K|1‘—X’ a = v,

ma

al| <1/k nén

va M = inf <a+2b— Zai,xi> > 0 ta co
Cx(P) =1

1=

u [ eosas [ @z [ et o

Cw(P) 8_Cy(P) Cw(P)

Bing cach dimng bat dang thitc e—Cauchy ta c6 uée lugng can chiing minh. O]

Dé buéce tiép két qua vé L?—danh gia dia phuong & trén chua di. Ta can dén

L?—danh gia toan cuc sau:
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Dinh 1y 1.4 (L?—danh gia toan cuc). Vdi cdc gid thiét nhu trong Dinh Iy 1.3. Khi dé
vdi mor T >0, f € L*(R" x (0,T)),up € L*(R™) va gid si thém

sup (b(, )] + Yl (2,1)]) < 00

R"x[0,T] i—1
ta co danh gia

/ e Tu?(z, T)dx + / e~ u?(z, t)dzdt < /u%(m)dm—i—

R x{T} R”x(0,T) R7

+ / e f2(x, t)dwdt,

R7x(0,T)

trong dé hdang s6 a > 0 théa man

a+20(x,t) = Y i (x,t) > 2, (x,1) € R" x (0,T).

=1

Chatng minh. V6i méi t > T xét nén cut
D(t) ={(z,t): 0 <t <T,klx|<t—t}

c6 cac bién:

e hai day

0_D(t) = {(x,0) : klz| <} v6i phap tuyén v = (0, —1),
0y D(t) ={(x,T) : klz| <t—T} v6i phap tuyén v = (0, 1),
e mit xung quanh
0sD(t) = {(z,0): 0 <t <T,klx|=t—1t}

v6i phap tuyén
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St dung cong thitc dang DIV, giong nhu Dinh 1y 1.3, cho truong F = e~ *u?(a, 1) va
Q= D(t) v6i chu y

M = inf(oz—l—Zb—Zai,mi) > 2

b i=1

ta co

/ e T (x, T)dx + 2 / e~ u?(x, t)dadt < /ug(:c)d:c—l—

R x{T} R % (0,T) R
+2 / e “u(z,t) f(z,t)dxdt.
R™x(0,T)

Bing cach ding bat ding thic Cauchy-Schwarz va cho ¢ tién ra vo cliing ta c6 danh

gia can chiing minh. O

1.3.3 Nghiém yéu

Trong muc nay ta doi hdi a € C*'(R™ x (0,00)). Lay T > 0.
Ky hiéu
Cy(R" x (0,T)) = {u eCHR" x [0,7T]) :
supp u la tap compact trong R™ x (0,7},
CLR™ x [0,T]) = {u eC*(R™ x (0,T)) x C(R" x [0,T]) :
supp u la tap compact trong R" x [0, T},
CYR" x [0,T)) = {u €C§(R" x [0,T)) : u(z,T) = 0}.

V6i u,v € CHR" x (0,T)) ta co

n

vLu — ul*v = (uv); — Z(ajuv)zj

J=1

trong d6 L* 1a toan tit vi phan lién hop (adjoint differential operator) ctia L duge xéc
dinh béi

j=1 =1
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Chu y truong véc-to (—a, —1) quay xudng, ngugc huéng véi (a, 1), nén sit dung danh
gia L?—toan cuc, Dinh 1y 1.4, ta dudc

HUHLQ(R”X(O,T)) S HL*UHLQ(R"X(QT))?U - él(Rn X [O,T]) (133)

Néu u,v € CLHR" x [0,T]) thi, tit Cong thiic dang DIV, ta c6

/ (vLu — ul*v)dzdt = / uvdx — / uwvdzx.
nx(0,T) R x{T} R"x{0}

Tu day ta c6 khai niem nghiém yéu sau:
Dinh nghia 1.2. Ham u € L*(R™ x (0,7)) dudc goi 1a nghiém yéu ctia phuong trinh
Lu = f trong R" x (0,T), véi f € L*(R" x (0,T)),

néu véi bat ky v € CJ(R" x (0,T)) déu ¢6

/ u(x, t) L v(z, t)dxdt = / v(z,t) f(z,t)dxdt.
R"x(0,T) R”x(0,T)

Dén day ta c6 két qua vé sit ton tai nghiem yéu

Dinh ly 1.5. Cho T > 0,a € CY(R" x [0,T]),b € C(R™ x [0,T]) théa man

sup ([b(w, )] + Y |aia, (x,1)]) < oo

R [0, Py
Khi dé véi moi f € L*(R™ x (0,T)) ton tai u € L*(R™ x (0,T)) théa man
/ u(z, t) L v(z, t)dzdt = / v(x,t)f(z, t)dxdt,
R™ 5 (0,T) R" % (0,T)
vdi bit ky v € CY(R™ x [0,T7]).

Do C}(R™ x (0,T)) € C*(R™ x [0,T]) nén nghiém tim dugc trong Dinh Iy trén la
nghiém yéu ctia phuong trinh

Lu = f trong R™ x (0, 7).

Dé chitng minh Dinh 1y vé sit ton tai nghiém yéu ta can dén Dinh 1y Hahn-Banach va

Dinh 1§ biéu dién Riesz. Dé tien cho ngudi doc, toi xin nhic lai:
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Dinh 1y 1.6 (Dinh ly Hahn-Banach). Cho X la khong gian Banach, Y la khong gian
con ctia né va f 1Y — R la phiém ham tuyén tinh lien tuc. Khi dé ton tai F : X — R

la phiém ham tuyén tinh lien tuc théa man
o F| = f nghiala F(z) = f(x),x €Y,
Y

o |IFl] = |If]l nghia la sup |F(z)| = sup |f(z)]

x z€Y
[lz]|=1 [lz]]=1

Dinh 1y 1.7 (Dinh Iy biéu dién Riesz). Cho H la khong gian Hilbert thuc vdi tich vo
huong {-,-). Khi dé6 moi phiém ham tuyén tinh lien tuc F : H — R ¢6 duy nhat mot
phan tiu € H sao cho

F(v) = (u,v),v € H.

Ta tré lai viec chitng minh Dinh 1y vé sy ton tai nghiem yéu:
Chiing minh. Stt dung Dinh 1y Hahn-Banach véi
X = 2(R" % (0,7)),Y = L*(C! (R" x [0,T]))

va anh xa
frw— / v(x,t)f(z,t)dxdt
R"x(0,T)
véi v € CYR™ x [0,T7).
Tit bat dang thite (1.3.3) ta c6 Y 1a khong gian con ctia L2(R™ x (0, 7)) va f 1a phiém
ham tuyén tinh lién tuc trén Y. Khi d6 theo Dinh 1y Hahn-Banach c6 phiém ham tuyén
tinh lién tuc
F:L*(R" x (0,7)) = R

Fw)=fw) = / v(z,t) f(z, t)dedt, w = L*v,v € CHR™ x [0,T)).
R"x(0,T)
Lai stt dung Dinh 1y biéu dién Riesz cho H = L*(R" x (0,7)) va phiém ham F ta c6
duy nhat mot ham u € L*(R" x (0,T)) sao cho

/ w(x, t)w(z, t)dedt = F(w),w = L*v,v € CHR"™ x [0,T])

R”x(0,T)



1.4. HIEN TUONG SOC 25

hay véi bat ki v € CH(R" x [0,T))

/ u(x,t) L v(z, t)dxdt = / v(x, t) f(z,t)dzdt.

R”x(0,T) R”x(0,T)

Ta hoan thanh chiing minh. O]

1.4 Hién tuong soc
Trong muc nay ta xét bai toan Cauchy cho dinh luat bao toan

u + [F(u)], =0 trong R x (0, 00), (1.4.4)
u(+,0) =up trén R, (1.4.5)

trong d6 F,ug : R — R 1a cac ham cho trude, con u : Rx (0,00) — R 1a nghiém can tim.

1.4.1 Nghiém tich phan, diéu kién Rankine-Hugoniot

Trude hét ta quan sat vi du sau.

Vidu 1.2. Xét bai toan Cauchy cho phuong trinh Burgers

ur + uu, = 0 trong R x (0, 00),
u(+,0) = up trén R.

Doc theo cac dudng dic trung, cac duong x = z(t) théa man phuong trinh
2 (t) = u(z(t),t),t > 0,

c6 u(z(t),t) = u(x(0),0) = ug(x(0)) 1a ham héng vi

d

(1), ) = v+ () =0,

Do dé cac duong cong dac trung cta phuong trinh Burgers ¢6 dang

z'(t) = up(§) khit > 0,2(0) = £ € R,
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Néu diéu kién ban dau ug(r) = arctan(z) thi cac dudng cong dic trung xuat phat
tit t = 0 sé xoe ra, khong cit nhau. Hon nita mdi diém (zg,t5) € R x (0,00) c¢6 duy

nhat mot dudsng cong dic trung di qua né. Cu thé hon, phuong trinh
&+ toarctan(§) = xg

c6 duy nhat nghiem. Cac ban thit trd 10i cau hoi: tai sao? Khi dé bai toan Cauchy cho
phuong trinh Burgers ¢6 duy nhat nghiem

U(SL’, t) = u0(£(x7 t))
v6i €(x,t) 1a nghiém duy nhat ctia phuong trinh
¢ + tarctan(§) = .

Moi chuyén sé khéac di nhiéu néu diéu kien ban dau ddi thanh ug(x) = — arctan(z).
Cac duong cong dic trung xuat phat tit ¢ = 0 ¢6 hién tuong cat nhau. Hién tuong nay
dugc goi 1a séc. N6i 16 hon tai nhitng diém cit nhau nay, theo trén ham w cé thé phai
nhan hai gia tri! Quay trd lai hién tugng cit nhau, né duge biéu hién qua viéc phuong
trinh

F(z,t,§) =&+ tup(§) —2 =0

khong giai dugc ¢ = (x,t). Theo dinh Iy ham an, né dugc bicu hién qua

Fe(x,t,6) =1+ tuy(§) =0 hay t = G

v6i t > 0 nao dé. Thai diém dau tien xay ra hién tugng nay

- inf{—ﬁ,f € R}

dugc goi 1a thoi diém gay (breaking time). Khi ug(x) = — arctan(z) c6

1
€)= —— ment" =1.
u'(€) 1_{_52nen

Nhin lai mot chit, thoi diém giy can duge hiéu la thoi diém ranh gisi:
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e trugc thai diem nay khong cé hien tugng sbc, nghia la cac dusng dac trung khong

cat nhau,
e ngay sau thoi diém nay cé hién tuong cac dudng dic trung cit nhau,
e con tai thoi diém gay c6 thé c6 hodc khong c6 hién tuong soc.

Phuong phap dic trung gitp ta giai bai toan Cauchy trude thoi diém gdy. Sau thoi
diém gay bai toan dugc giai tiép thé nao?

Ta can dén khai niém nghiém suy rong hay con goi la nghiem yéu, 6 d6 cac doi héi
ve tinh kha vi hay lién tuc dude béd qua. Trude hét, bang cach 1ay tich phan ting phan,
ta nhin lai nghiém u ctia phuong trinh (1.4.4) dué6i dang

/ / ug + [F(u)],)vdrdt (v e CHR x [0,00)))

—/ /uvtdxdt—/ uv) dq;—/ / w)vgdxdt.
o Jr

Dung diéu kién ban dau (1.4.5) ta c6

/ / uvy + F(u)v,]dzdt + / up(z)v(x,0)dx. (1.4.6)
Ta ¢6 khai niém nghiém tich phan

Dinh nghia 1.3. Ham u € L*(R x (0, 00)) dugc goi la nghiém tich phan ctia bai toan
Cauchy (1.4.4)-(1.4.5) néu (1.4.6) xay ra v6i moi v € C'(R x [0, 00)),supp v compact.

T (1.4.6) ta dan dén diéu gi? Ta quan sat truong hgp don gian sau:
Xét mien U C R x (0,00) va nghiém tich phan w ctia bai toan (1.4.4)-(1.4.5). Mién U
dugc chia thanh hai phan Uy, U, béi duong I' gom céc diem gidn doan ctia nghiém u,
nghia 1a u thuoe C* trong Uy, U, va c6 gidi han trai va giéi han phai tai mdi diém trén

r

u (2o, o) = lim Uy (20, tg) = lim To, to) €T
t(0, to) (@,6) > (20,t0) »(0, to) (@)= (20,t0) (w0, to)
(z,t)eUs (z,t)€Up

Khi d6 néu lay ham v € C*(R x [0,00)),suppv C U; tit (1.4.6) ta c6

u; + [F(u)], = 0 trong Uy.
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Mot cach tuong tu
ur + [F(u)], = 0 trong U,.

Lai lay v € C'(R x [0, 00)),suppv C U ¢6
0 :/ /[uvt + F(u)v,]|dzdt =
0o Jr

:<L+L>m%+ﬂmwmw

Dung cong thic dang DIV va u; + [F(u)], = 0 trong Uy ta c¢6

T

/vt[uvt + F(u)vy]dedt = /(um + F(u)m)vds

vOi v = (11, 12) 1a véc-to phéap tuyén clia T' tr6 ra ngoai Uy, tro vao trong U,. Tuong tu

J

P

trén ta co

[uvy + F(u)v,]|dedt = — /F(utl/g + F(u)vy)vds

Nhu vay
/F[(Ut — up) vy + (F(u) — F(up))nlvds = 0.

Dang thiic trén xay ra véi moi v € CH(R x [0, 00)),suppv C U, nén
(up — up)vg + (F(ur) — F(uy))vy =0 trén I

Néu I' duge tham s6 hoa bdi {(z,t) : z = s(t)},s € C*([0,00)), ta c6 thé chon
v = (1,—¢'). Khi d6 ta thu dugc dieu kien Rankine-Hugoniot

[F(u)] =0 u] trén T’ (1.4.7)
trong do
e 0 = s’ dudc goi la van téc cia T,
o [u] = u; — u, budc nhay ctia u qua I',

o [F(u)] = F(ut) — F(up) budc nhay cia F(u) qua I
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1.4.2 Séng tao chan khong, diéu kién entropy

Bai toan Cauchy (1.4.4)-(1.4.5) c6 thé c6 nhiéu nghiém tich phan. Ta thay diéu nay

qua vi du sau:

Vi du 1.3. Xét bai toan Cauchy cho phuong trinh Burgers
u; + uu, = 0 trong R x (0, 00),

v6i dieu kién ban dau

0 khiz<0,
u(z,0) = ug(x) =
1 khiz>0.
Cac duong dac trung ctia bai toan
¢ khi € < 0,

x(t) =
t+¢&¢ khi&>0.

C6 thé thay cac diém trong ving {(z,t): 0 < x < t} khong c6 dudng dic trung xuat
phét tit ¢ = 0 di qua. Vung nay dugce goi la ciing chan khong (rarefaction).Ta c6 hai
cach dé dua ra nghiém tich phan trong ving nay nhu sau.
Céach 1:

0 khiz<t/2,

1 khiz>t/2.

uy(z,t) =

Khong khé dé thay nghiem nay théa man diéu kien Rankine-Hugoniot, va né 1a nghiem
tich phan ctia bai todn Cauchy dang xét. Tuy nhién day la nghiém phi vat ly.
Cach 2:
0  Kkhiz<0,
up(w,t) = qx/t khi0<z<t,
1 khiz >t

duge goi 1a song tao chan khong, la nghiém tich phan lién tuc.

Vay lam thé nao dé loai bé nghiem phi vat 1y?
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Ta can dén diéu kién entropy. Truéc hét, giong nhu phuong trinh Burgers, cac
duong dac trung ctia bai toan (1.4.4)-(1.4.5)

2(t) = tF (uo(§)) +&,t > 0,£ €R.

Diéu kién entropy xuat phat tit mong mudn: xuat phat tai moi diém (wg,to) € R x
(0, 00), quay thdi gian ¢ ngugc lai theo dudng dic trung di qua diém nay khong cit bat
cit dudong dic trung nao khac. T day, gia st I' 1a duong soc, tai mdi diém trén duong
soc nay ta co6

F'(u) > 0 > F'(up) v6i o 1a van toc cta I
Diéu kién nay duge goi la diéu kién entropy.
Duong cong ma nghiém tich phan w khong lién tuc vita théa man diéu kién Rankine-
Hugoniot, vita théa man diéu kién entropy duge goi 1 duong sdc. Khi d6 van toc cua
duong cong nay dude goi 1a van toc séc. Nghiem tich phan néu chi c6 cac dudng cong
khong lién tuc 1a cac dudng soéc duge goi 1a nghiem suy rong, hay nghiém yéu.
Quay trd lai vi trén, nghiém uy 14 nghiem yéu véi duong séc {(z,t) : = = t,t > 0}.
Con u; khong 1a nghiem yéu, duong gian doan ctia nghiem {(z,t) : = = t/2,t > 0}
khong 1a dudng soc.
Néu F 1a ham 16i déu, chang han phuong trinh Burgers F(u) = u?/2, c6 F' 1a ham
tang chat. Khi d6 dieu kién entropy trén duong I’ tré thanh

up > uy, trén I

Dé két thiic muc nay ta xét vi du sau.

Vi du 1.4. Xét bai toan Cauchy cho phuong trinh Burgers
uy — uu, = 0 trong R x (0, 00)
v6i dieu kién ban dau

0 khiz <0,
u(z,0) =up(r) =91 khio<z <1,
0 khiz>1.



1.4. HIEN TUONG SOC 31

Cac duong dac trung cia bai toan

¢ khi € < 0,
r(t)=qt+¢& khio< €<,
¢ khi € > 1.

C6 hai hién tuogng:
e sbc xuat hién tai (1,0), thoi diém gay t* = 0,
e hién tuong chan khong trong {(z,t) : 0 < 2 < min{¢, 1}}.
Xac dinh duong sdc xuat phat tai (1,0) la ranh gidi v6i bén trai u = 1 con bén phéi

u = 0 nén, tit dicu kien Rankine-Hugoniot, c6 van toc sdc

s :F(ut)_F(up):l
! U — Uy 2

Duong soc nay s;(t) = 1+ ¢/2 chia ranh gidi gitta ving v = 1 va u = 0. N6 két thic
nhiém vu ctia n6 tai t = 2 1a lac vung u = 1 bi chan lai hoan toan. Ta c¢6 16i gidi truée
thoi diém ¢t = 2

(

0  khiz <0,

x/t  khi0 <z <t,
u(z, t) = <
1 khit <z <1+1t/2,

0  khiz>t+1/2.

\
Sau thai diem ¢ = 2 ta lai c6 dudng soc bat dau tai (2,2) 1a ranh gidi v6i ben tréi la ving
song tao chan khong u = x/t, con bén phéi v = 0 nén, tur diéu kien Rankine-Hugoniot,
¢ van toc sbdc
_ Flu) = F(up) _ (1)
s9(t) = = .
Up — Uy 2t

Dudng sdc nay sy(t) = (2¢)Y/2,¢ > 2. Khi d6 1o giai sau thoi diém ¢t = 2

0 khi x < 0,
u(x,t) =< z/t  khi0 <z < (26)1/2,
0 khi 2 > (2t)1/2.



